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Model reduction herein, yield numerous state variables that inherently exhibit physical constraints. This paper

Data-driven modeling
Nonlinear dynamical system
Multiscale

presents a new approach to augment Operator Inference—a methodology within scientific ma-
chine learning that enables learning from data a low-dimensional representation of a high-
Multiphysics problem dimensional system governed by nonlinear partial differential equations—by embedding such
Operator inference state constraints in the reduced-order model predictions. In the model learning process, we pro-
State constraints pose a new way to choose regularization hyperparameters based on a key performance indicator.
Since embedding state constraints improves the stability of the Operator Inference reduced-order
model, we compare the proposed state constraints-embedded Operator Inference with the stan-
dard Operator Inference and other stability-enhancing approaches. For an application to char com-
bustion, we demonstrate that the proposed approach yields state predictions superior to the other
methods regarding stability and accuracy. It extrapolates over 200 % past the training regime
while being computationally efficient and physically consistent.

1. Introduction

Computational fluid dynamics (CFD) enables simulation of complex multiscale and multiphysics gas-solid flow dynamics in flu-
idized bed reactors that involve heat and mass transfer, particle collision, as well as homogeneous and heterogeneous chemical
reactions [1]. However, CFD simulations are computationally expensive, particularly for problems governed by highly nonlinear
partial differential equations (PDEs) where fine spatial and temporal discretization is required, which leads to high-dimensional non-
linear systems of ordinary differential equations (ODEs). This poses a significant obstacle for many-query tasks such as optimization,
design, and uncertainty quantification.

Model reduction provides one avenue to address this challenge by constructing low-dimensional surrogate models for high-
dimensional systems. In particular, projection-based model reduction techniques construct a reduced-order model (ROM) by pro-
jecting the high-dimensional system onto a low-dimensional subspace, or a nonlinear manifold, and solving the governing equations
in the reduced space. This approach effectively incorporates the physics of the high-dimensional problem into the surrogate model;
see the textbooks and survey [2-4]. Such an approach is intrusive because it requires access to codes that implement the semi-
discretization of the PDEs of the high-fidelity system, often called the full-order model (FOM). However, in many real-world settings,
the solution of highly complex problems often relies on complicated legacy code or commercial software, in which cases access to
the FOM operators is not possible, rendering intrusive model reduction not applicable [5].
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$_4$


$\sum _s Y_s = 1$


$i$


\begin {align}& \frac {\partial }{\partial t}(\varepsilon _{g}\rho _{g}) + \nabla \cdot (\varepsilon _{g} \rho _{g} \bv _{g}) = \sum _{i=1}^{N_{g}} R_{g,i} + S_{g} \label {eq:0024}, \\ &\frac {\partial }{\partial t}(\varepsilon _{g}\rho _{g}Y_{i}) + \nabla \cdot (\varepsilon _{g} \rho _{g} \bv _{g} Y_{i}) = \nabla \cdot (\varepsilon _{g} \bj _{g}) + R_{g,i} + S_{g,i} \label {eq:gasspeciesmassconservation}, \\ &\frac {\partial }{\partial t}(\varepsilon _{g}\rho _{g} \bv _{g}) + \nabla \cdot (\varepsilon _{g} \rho _{g} \bv _{g} \bv _{g}) = - \nabla p_{g} + \nabla \cdot \boldsymbol {\tau }_g + \varepsilon _{g} \rho _{g} \bg + \bS _{g} \label {eq:gasmomemtumconservation}, \\ &\varepsilon _{g}\rho _{g}c_{p,g} \left [ \frac {\partial T_{g}}{\partial t} + \nabla \cdot ( \bv _{g} T_{g}) \right ] = \nabla \cdot \left ( \varepsilon _{g} \kappa \nabla T_{g} \right ) + S_{g} \label {eq:0025}.\end {align}


$\bj _{g}$


$\bj _{g} = -\rho _{g} D_{g,i} \nabla Y_{i}$


$D_{g,i}$


$S_g$


$\text {kg}/(\text {m}^3\cdot \text {s})$


$S_{g,i}$


$i$


$S_g = \sum _i S_{g,i}$


$\mathbf {S}_g$


$\text {kg}/(\text {m}^2\cdot \text {s}^2)$


$\boldsymbol {\tau }_g$


$\boldsymbol {\tau }_g = - \frac {2}{3} \mu _{g} (\nabla \cdot \bv _{g}) \boldsymbol {\delta } + \mu _{g} \left [ \left ( \nabla \bv _{g} \right ) + \left ( \nabla \bv _{g} \right )^{\top } \right ]$


$\mu _{g}$


$\textnormal {kg/(m} \cdot \textnormal {s)}$


$\boldsymbol {\delta }$


$\delta _{j,k} = 0$


$j \neq k$


$\delta _{j,k} = 1$


$j = k$


$i$


$p$


\begin {align}&\frac {\rm d}{\mathrm {d}t}(W_{p} m_{p}) = W_{p} \sum _{i=1}^{N_{g}} R_{p,i} \label {eq:0022}, \\ &\frac {\rm d}{\mathrm {d}t}(W_{p} m_{p} Y_{p,i}) = W_{p} R_{p,i} \label {eq:solid_species_conservation}, \\ &W_{p} m_{p} \frac {\rm d \bv _{p}}{\mathrm {d}t} = W_{p} \left ( m_{p} \bg + \frac {m_{p}}{\varepsilon _{s} \rho _{s}} \nabla \cdot \boldsymbol {\tau }_{p} \right ) \label {eq:solid_momentum_conservation}, \\ &W_{p} m_{p} c_{p,p} \frac {\mathrm {d} T_{p}}{\mathrm {d}t} = - W_{p} \left ( \sum _{i=1}^{N_{g }} h_{p,i} R_{p,i} \right ) + S_{p}. \label {eq:0023}\end {align}


$\varepsilon _s = 1 - \varepsilon _g$


$\rho _s$


$W_p$


\begin {align}\textnormal {C} + 0.5\textnormal {O}_2 \longrightarrow \textnormal {CO}. \label {eq:heterogenous reaction}\end {align}


$R_{\textnormal {diff}}$


$R_{\textnormal {chem}}$


\begin {align*}R_{\textnormal {diff}}=\frac {24 Sh D_{o}}{d_{p} R_u T_{m}}, \hspace {1.5em} R_{\textnormal {chem}} = A_{\textnormal {pre}} \textnormal {exp} \left (- \frac {E_{0}}{R_u T_{p}} \right ).\end {align*}


$R_\textnormal {diff}$


$R_{\textnormal {chem}}$


$\textnormal {kmol}/\textnormal {s}$


\begin {align*}\frac {\mathrm {d} m_{\textnormal {ci}}}{\mathrm {d}t} = -\pi d_{p,i}^2 p_{\textnormal {oxy}} \left ( \frac {1}{R_{\textnormal {diff}}} + \frac {1}{R_{\textnormal {chem}}} \right ) ^{-1}.\end {align*}


$d_{p,i}$


$\left ( \frac {6m_p}{\pi \rho _p} \right )^{1/3}$


$p_{\textnormal {oxy}}$


$p_g Y_{\textnormal {O}_2} M_{\textnormal {mix}}/M_{\textnormal {O}_2}$


$Sh = 2.0 \varepsilon _{g} + 0.7 (Re_{g}/\varepsilon _{g})^{1/2} \cdot Sc^{1/3}$


$Re_{g} = \rho _{g} \overline {U} d_{p}/\mu _{g}$


$Sc = \mu _{g}/(\rho _{g} D_o)$


\begin {align}\textnormal {CO} + 0.5\textnormal {O}_2 \longrightarrow \textnormal {CO}_2. \label {eq:homogeneous reaction}\end {align}


\begin {equation}r_{\textnormal {CO}} = 3.98 \times 10^{14} \textnormal {exp} \left ( - \frac {1.67 \times 10^5}{R_u T_g} \right ) [c_{\textnormal {CO}}] [c_{\textnormal {H}_2\textnormal {O}}]^{0.5} [c_{\textnormal {O}_2}]^{0.25}. \label {eq:COcombustionrate}\end {equation}


$c$


$\textnormal {mol}/\textnormal {cm}^3$


$r_{\textnormal {CO}}$


$\textnormal {kmol}/\textnormal {s}$


$yz$


$x=0[\textnormal {mm}]$


$5.921\times 10^{-6} [\textnormal {kg}/\textnormal {m}]$


$xz$


$y=160[\textnormal {mm}]$


$A_O$


$xz$


$y=0[\textnormal {mm}]$


$N$


$\bq = \bq (t) \in \real ^N$


$n_v$


\begin {equation}\frac {\mathrm {d}\bq }{\mathrm {d}t} = \bF (\bq ), \hspace {1.5em} \bq (t_0)=\mathbf {q}_0 \label {eq:0010}\end {equation}


$0 < t \leq T_f$


$n_v = 10$


$p_g$


$v_x$


$v_y$


$v_z$


$T_g$


$Y_i$


$i=1$


$\textnormal {O}_2$


$i=2$


$\textnormal {N}_2$


$i=3$


$\textnormal {CO}$


$i=4$


$\textnormal {CO}_2$


$i=5$


$\textnormal {H}_2\textnormal {O}$


$\bq _k$


$\bq (t_k)$


$k$


\begin {align}\bq _k = {\left [\bp _k^{\top } \hspace {0.5em} \bv _{x,k}^{\top } \hspace {0.5em} \bv _{y,k}^{\top } \hspace {0.5em} \bv _{z,k}^{\top } \hspace {0.5em} \bT _k^{\top } \hspace {0.5em} \bY _{\textnormal {O}_2, k}^{\top } \hspace {0.5em} \bY _{\textnormal {N}_2, k}^{\top } \hspace {0.5em} \bY _{\textnormal {CO}, k}^{\top } \hspace {0.5em} \bY _{\textnormal {CO}_2, k}^{\top } \hspace {0.5em} \bY _{\textnormal {H}_2\textnormal {O}, k}^{\top } \right ]}^{\top } \in \real ^N. \label {eq:0011}\end {align}


$N = n_v \cdot n_x$


$\bq _k$


$n_x$


$\ell $


$\bq _k$


\begin {align}\bq _k^{(\ell )} = \bq _k\left [ (\ell -1)n_x: \ell n_x - 1 \right ], \hspace {1em} \bq _k^{(\ell )} \in \real ^{n_x}. \label {eq:0012}\end {align}


$\ell \in \{1,2,\dots ,n_v\}$


$(\ell -1)n_x: \ell n_x - 1$


$\ell $


$\bq _k$


$\ell $


$\ell =1$


$\ell =2$


$x$


$\ldots $


$\ell =10$


$\textnormal {H}_2\textnormal {O}$


\begin {equation}\bQ = \left [ \bq _0 \hspace {1em} \bq _1 \hspace {0.5em} \dots \hspace {0.5em} \bq _{K-1} \right ] \in \real ^{N \times K} \label {eq:training_snapshot}\end {equation}


$\bq $


$K$


$\ell $


$\bQ ^{(\ell )} \in \real ^{n_x \times K}$


$n_x$


$\overline {\bY }$


$\textnormal {O}_2$


$\textnormal {CO}_2$


\begin {align}\overline {\bY } = \sum _{k} \left ( \frac {1}{|M|}\sum _{j \in M} \bY _{j,k} \right ), \label {eq:integrated_top_mass_fraction}\end {align}


$\bY _{j,k}$


$j$


$k$


$M$


$A_O$


$|M|$


$\overline {\bY }$


$n_x \in \{2520, 10800, 22400, 42000, 88200\}$


$\textnormal {O}_2$


$\textnormal {CO}_2$


$n_x$


$n_x$


$10^{-3}$


$\overline {\mathbf {Y}}$


$n_x$


$\overline {\bY }_{\textnormal {O}_2}$


$\overline {\bY }_{\textnormal {CO}_2}$


$\textnormal {O}_2$


$\textnormal {CO}_2$


$n_x = 22{,}400$


$n_x=22{,}400$


$N = n_v \cdot n_x = 224{,}000$


$22{,}400$


$4{,}000$


$\bF $


$t\in [2,14]$


$t\in [14,40]$


$t\in [2,14]$


$22{,}400$


$12{,}000$


$n_v = 10$


$10^5$


$10^3$


$10^{-4}$


\begin {align}\bq ^{(\ell ),{\textnormal {shifted}}}_{k} = \bq ^{(\ell )}_{k} - \overline {\bq }^{(\ell )}, \hspace {2em} \overline {\bq }^{(\ell )} = \frac {1}{K} \sum _{k=0}^{K-1} \bq ^{(\ell )}_{k}, \label {eq:shifting}\end {align}


$\ell $


$\bq ^{(\ell )}_{k} \in \real ^{n_x}$


$k$


$\ell $


$\overline {\bq }^{(\ell )} \in \real ^{n_x}$


$K$


$\bQ ^{(\ell ), \textnormal {shifted}} \in \real ^{n_x \times K}$


$\bq ^{(\ell ),\textnormal {shifted}}_{k}$


$k=0,1,\dots ,K-1$


$x$


$y$


$z$


$-1,1$


$\bQ ^{(\ell ),\textnormal {shifted}}$


$\ell $


\begin {align}\bS ^{(\ell )} = \frac {\bQ ^{(\ell ),{\textnormal {shifted}}}}{\textnormal {max}\left ( | \bQ ^{(\ell ),\textnormal {shifted}} | \right )} \in \real ^{n_x \times K}. \label {eq:scaling}\end {align}


$-1,1$


$0,1$


$\bS ^{(\ell )} = \bQ ^{(\ell )} \in \real ^{n_x \times K}$


$\ell = 6$


$\textnormal {O}_2$


$\ell = 7$


$\textnormal {N}_2$


$\ell = 8$


$\textnormal {CO}$


$\ell = 9$


$\textnormal {CO}_2$


$\ell = 10$


$\textnormal {H}_2\textnormal {O}$


$\bQ \in \real ^{N \times K}$


$\bS \in \real ^{N \times K}$


$\bS \in \mathbb {R}^{N \times K}$


$\bS $


$N \geq K$


\begin {equation}\bS = \bV \mathbf {\Sigma } \bW ^{\top } \label {eq:SVD}\end {equation}


$\bV \in \mathbb {R}^{N \times K}$


$\bW \in \real ^{K \times K}$


$\bS $


$\bS $


$\sigma _1 \geq \sigma _2 \geq \cdots \geq \sigma _K \geq 0$


$\mathbf {\Sigma } \in \mathbb {R}^{K \times K}$


$\bS \in \real ^{N \times K}$


$O(N^2K + K^3)$


$N$


$O(NK\log \omega + \omega ^2(N+K))$


$\omega $


$\omega \ll \min (N, K)$


$r$


$\bV $


$r$


$\bV _r = [\bv _1, \dots , \bv _r] \in \real ^{N \times r}$


$\bV _r^\top \bV _r = \bI _r \in \real ^{r \times r}$


$\bS $


\begin {align}\widehat {\bS } = \bV _r^{\top }\bS =\left [ {\widehat {\bs }}_0 \hspace {0.7em} \cdots \hspace {0.7em} \widehat {\bs }_{K-1} \right ] \in \mathbb {R}^{r \times K}. \label {eq:0013}\end {align}


$\bs _k \in \real ^{N}$


$\bs _k \approx \bV _r \widehat {\bs }_k$


$\widehat {\bS }$


$\widehat {\bS }$


$O(r^3)$


$\widehat {\mathbf {G}} \in \real ^{r \times r^3}$


$O(r^4)$


$O(r(r^3-1))$


$O(r^4)$


\begin {equation}\frac {\mathrm {d}\widehat {\bs }}{\mathrm {d}t} = \widehat {\bc } + \widehat {\bA } \widehat {\bs } + \widehat {\bH } \left ( \widehat {\bs } \otimes \widehat {\bs } \right ), \hspace {1.5em} t \in [t_0, t_{K-1}]. \label {eq:0015}\end {equation}


$\otimes $


$\ba = [a_1, a_2, a_3]$


$\ba \otimes \ba = [a_1^2, a_1a_2, a_1a_3, a_2^2, a_2a_3, a_3^2]$


$\widehat {\bc } \in \real ^r$


$\widehat {\bA } \in \real ^{r \times r}$


$\widehat {\bH } \in \mathbb {R}^{r \times r(r+1)/2}$


$\widehat {\bc }$


$\widehat {\bA }$


$\widehat {\bH }$


\begin {align}\min _{\widehat {\mathbf {c}}, \widehat {\mathbf {A}}, \widehat {\mathbf {H}}} \quad & \left \{ \sum _{k=0}^{K-1} \left \| \widehat {\mathbf {c}} + \widehat {\mathbf {A}} \widehat {\mathbf {s}}_k + \widehat {\mathbf {H}} \left ( \widehat {\mathbf {s}}_k \otimes \widehat {\mathbf {s}}_k \right ) - \dot {\widehat {\mathbf {s}}}_k \right \|_2^2 + \lambda _1 \left ( \left \| \widehat {\mathbf {c}} \right \|_2^2 + \left \| \widehat {\mathbf {A}} \right \|_F^2 \right ) + \lambda _2 \left \| \widehat {\mathbf {H}} \right \|_F^2 \right \} , \label {eq:0017}\end {align}


$\widehat {\bs }_k \equiv \widehat {\bs }(t_k)$


$k$


$\widehat {\bH }$


$\widehat {\bc }$


$\widehat {\bA }$


$\lambda _1 > 0$


$\lambda _2 > 0$


$\lambda _1$


$\widehat {\bc }$


$\widehat {\bA }$


$\lambda _2$


$\widehat {\bH }$


$\dot {\widehat {\bs }}_k \equiv \dot {\widehat {\bs }}(t_k)$


$k$


$6$


\begin {align}\min _{\bO } \left \| \mathbf {DO}^{\top } - \dot {\widehat {\bS }}^{\top } \right \|_{F}^{2} + \left \|\mathbf {\Lambda } \bO ^{\top } \right \|_{F}^{2}, \quad \text {where} \quad \bO = \left [\widehat {\bc } \hspace {0.7em} \widehat {\bA } \hspace {0.7em} \widehat {\bH } \right ], \hspace {0.7em} \bD = \left [\mathbf {1}_K \hspace {0.5em} \widehat {\bS }^{\top } \hspace {0.5em} \left (\widehat {\bS } \otimes \widehat {\bS } \right )^{\top } \right ], \label {eq:0014}\end {align}


$\bO \in \mathbb {R}^{r \times d(r)}$


$\bD \in \mathbb {R}^{K \times d(r)}$


$\dot {\widehat {\bS }} \in \real ^{r \times K}$


$\dot {\widehat {\bs }}_k$


$\mathbf {1}_K \in \mathbb {R}^K$


$K$


$\mathbf {\Lambda } = \textnormal {diag}(\lambda _1, \lambda _1 \bI _{r}, \lambda _2 \bI _{r(r+1)/2}) \in \mathbb {R}^{d(r) \times d(r)}$


$\bI _{r}$


$\bI _{r(r+1)/2}$


$r$


$r(r+1)/2$


$d(r) = 1+r+r(r+1)/2$


$\lambda _1$


$\lambda _2$


$\widehat {\bs }_0$


$\widehat {\bs }_{K_f-1}$


$K_f$


$\bV _r \in \real ^{N \times r}$


$\real ^{r}$


$\real ^{N}$


$\widehat {\bs }_k$


$\widetilde {\bS } = \bV _r \widehat {\bS } \in \real ^{N \times K_f}$


$\widetilde {\bs }_k$


$\widetilde {\bS }^{(\ell )}$


$\ell =6,7,8,9,10$


$[0,1]$


$\bV _r \widehat {\bs }_0$


$\widetilde {\bs }_k \in \real ^{N}$


$\textnormal {O}_2$


$\textnormal {N}_2$


$\textnormal {H}_2\textnormal {O}$


$Y^{U}$


$\textnormal {O}_2$


$\textnormal {N}_2$


$\textnormal {H}_2\textnormal {O}$


$Y_{\textnormal {O}_2}^{U}=0.23$


$Y_{\textnormal {N}_2}^{U}=0.76$


$Y_{\textnormal {H}_2\textnormal {O}}^{U}=0.01$


$\textnormal {CO}$


$\textnormal {CO}_2$


$Y_{\textnormal {CO}}^{U}$


$Y_{\textnormal {CO}_2}^{U}$


$1$


$Y_{\textnormal {O}_2}^{L} = Y_{\textnormal {N}_2}^{L} = Y_{\textnormal {CO}}^{L} = Y_{\textnormal {CO}_2}^{L} = Y_{\textnormal {H}_2\textnormal {O}}^{L} = 0$


\begin {align}\label {eq:0019} &Y_{\textnormal {O}_2} \leftarrow \max \left ( \min \left ( Y_{\textnormal {O}_2}, Y_{\textnormal {O}_2}^{U} \right ), Y_{\textnormal {O}_2}^{L} \right ), \\ \label {eq:0021} &Y_{\textnormal {N}_2} \leftarrow \max \left ( \min \left ( Y_{\textnormal {N}_2}, Y_{\textnormal {N}_2}^{L} \right ), Y_{\textnormal {N}_2}^{L} \right ), \\ \label {eq:species_limiter_CO} &Y_{\textnormal {CO}} \leftarrow \max \left ( \min \left ( Y_{\textnormal {CO}}, Y_{\textnormal {CO}}^{U} \right ), Y_{\textnormal {CO}}^{L} \right ), \\ \label {eq:species_limiter_CO2} &Y_{\textnormal {CO}_2} \leftarrow \max \left ( \min \left ( Y_{\textnormal {CO}_2}, Y_{\textnormal {CO}_2}^{U} \right ), Y_{\textnormal {CO}_2}^{L} \right ), \\ \label {eq:0020} &Y_{\textnormal {H}_2\textnormal {O}} \leftarrow \max \left ( \min \left ( Y_{\textnormal {H}_2\textnormal {O}}, Y_{\textnormal {H}_2\textnormal {O}}^{U} \right ), Y_{\textnormal {H}_2\textnormal {O}}^{L} \right ).\end {align}


$\bs _0$


$\widehat {\bs }_0$


$\widehat {\bs }_0$


$\widetilde {\bs }_0$


$\widetilde {\bs }_0$


$\widetilde {\bs }_0^*$


$\widehat {\bs }^*_0$


$\widehat {\bs }_0^*$


$\widehat {\bs }_1$


$\widetilde {\bs }^*_k$


$k=0,1,\ldots ,K_f-1$


$\widetilde {\bq }^*_k$


$\widetilde {\bs }_k$


$K$


$K_f$


$\widetilde {\bs }_k^*$


$\widehat {\bs }_k^*$


$r$


$\bV _{r}[(\ell -1)n_x:\ell n_x - 1, :] \in \real ^{n_x \times r}$


$r$


$\widetilde {\bs }_k$


$\ell $


$\widetilde {\bs }_k[(\ell -1)n_x:\ell n_x - 1]$


$k$


$\widetilde {\bp }_k^{\textnormal {scaled}} \in \real ^{n_x}$


$\bV _{p_g}$


$\widehat {\bs }_k$


$\bV _{p_g}$


$n_x$


$\bV _r \in \real ^{N \times r}$


$\bV _{p_g} = \left [ \bv _{p_g,1}, \ldots , \bv _{p_g,r} \right ] \in \real ^{n_x \times r}$


$\widetilde {\bp }_k^{\textnormal {scaled}}$


$\sum _{\eta =1}^{r} \widehat {\bs }_{k,\eta } \cdot \bv _{p_g,\eta }$


$\widetilde {\bs }_k$


$\widetilde {\bY }_{\textnormal {O}_2, k}$


$\widetilde {\bY }_{\textnormal {N}_2, k}$


$\widetilde {\bY }_{\textnormal {CO}, k}$


$\widetilde {\bY }_{\textnormal {CO}_2, k}$


$\widetilde {\bY }_{\textnormal {H}_2\textnormal {O}, k}$


$\widetilde {\bs }_k^*$


$\widetilde {\bs }_k^*$


$\bV _r$


$\widehat {\bs }_k^*$


$\bV _r^\top $


$\widetilde {\bs }_k^*$


$\widehat {\bs }_k^* = \sum _{n=1}^{N} \widetilde {\bs }^{*}_{k,n} \cdot \bV _r^\top [:,n]$


$\widehat {\bs }_k^*$


$\widehat {\bs }^{*}_{k,\eta }$


$\eta = 1,2,\ldots ,r$


$\bV _r^\top $


$\bV _r^\top [\eta ,:]$


$\widetilde {\bs }^*_{k}$


$\widehat {\bs }_k^*$


$k+1$


$\bS \in \real ^{N \times K}$


$\ell $


$\bS ^{(\ell )} \in \real ^{n_x \times K}$


$n_x \geq K$


$\bS ^{(\ell )}$


\begin {equation*}\bS ^{(\ell )} = \bV ^{(\ell )} \mathbf {\Sigma }^{(\ell )} \bW ^{(\ell ) \top },\end {equation*}


$\bV ^{(\ell )} \in \real ^{n_x \times K}$


$\mathbf {\Sigma }^{(\ell )} \in \real ^{K \times K}$


$\bW ^{(\ell )} \in \real ^{K \times K}$


$\ell $


$r^{(\ell )}$


$\bV ^{(\ell )}$


$\bV _r^{(\ell )} \in \real ^{n_x \times r^{(\ell )}}$


$r^{(\ell )}$


$\bV _{\bp ,r} = \bV _r^{(\ell =1)}$


$\bV _{\bv _x,r} = \bV _r^{(\ell =2)}$


$x$


$\ldots $


$\bV _{\bY _{\textnormal {H}_2\textnormal {O}}, r} = \bV _r^{(\ell =10)}$


$\textnormal {H}_2\textnormal {O}$


$\widehat {\bs }_{p,k} = \bV _{\bp ,r}^\top \bp ^{\textnormal {scaled}}_k \in \real ^{r^{(1)}}$


$\widehat {\bs }_{v_x,k} = \bV _{\bv _x, r}^\top \bv _{x,k}^{\textnormal {scaled}} \in \real ^{r^{(2)}}$


$x$


$\ldots $


$\widehat {\bs }_{Y_{\textnormal {H}_2\textnormal {O}}, k} = \bV _{\bY _{\textnormal {H}_2\textnormal {O},r}}^\top \bY _{\textnormal {H}_2\textnormal {O}, k} \in \real ^{r^{(10)}}$


$\textnormal {H}_2\textnormal {O}$


\begin {align*}\bV _r = \textnormal {diag} \left ( \bV _{\bp ,r}, \bV _{\bv _x,r}, \ldots , \bV _{\bY _{\textnormal {H}_2\textnormal {O}}, r} \right ) \in \real ^{N \times r} ,\end {align*}


$r = \sum _{\ell =1}^{10} r^{(\ell )}$


$\bs _k$


$\widehat {\bs }_k \in \real ^{r}$


$\widehat {\bs }_k = \bV _r^\top \bs _k$


$\widetilde {\bs }_k$


$\widehat {\bs }_k$


$\bV _r$


\begin {equation}\widetilde {\bs }_k = \begin {bmatrix} \widetilde {\bp }^{\textnormal {scaled}}_k \\ \widetilde {\bv }_{x,k}^{\textnormal {scaled}} \\ \vdots \\ \widetilde {\bY }_{\textnormal {H}_2 \textnormal {O}, k} \end {bmatrix} \approx \begin {bmatrix} \bV _{\bp ,r} & & & \\ & \bV _{\bv _x, r} & & \\ & & \ddots & \\ & & & \bV _{\bY _{\textnormal {H}_2 \textnormal {O}}, r} \end {bmatrix} \begin {bmatrix} \widehat {\bs }_{p,k} \\ \widehat {\bs }_{v_x,k} \\ \vdots \\ \widehat {\bs }_{Y_{\textnormal {H}_2 \textnormal {O}}, k} \end {bmatrix}. \label {eq:block_POD_decoupling}\end {equation}
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Nonintrusive ROM methods have emerged as an efficient solution to many engineering challenges, leveraging the abundance
of data and obviating a need for explicit numerical operators of the FOM. This paper focuses on Operator Inference (Oplnf) [6],
a nonintrusive ROM technique that has been extended in many directions and applied to a wide range of problems in science and
engineering over the last decade. OpInf learns a low-dimensional representation of the high-dimensional system by exploiting the
physical/mathematical structure and insights from high-fidelity numerical simulation data; see also the recent survey [7]. OpInf
fits the ROM operators to the data by allowing for polynomial terms on the right-hand side of the ROM, effectively capturing the
nonlinear dynamics of a system. To date, OpInf has demonstrated effectiveness in a variety of applications: advection-dominated
magnetohydrodynamic systems [8], nonlinear aerodynamics and coupled aeroelastic flutter [9], incompressible flow [10], Rayleigh
and Bénard convection [11], and soft robotics [12], among others. In addition, OpInf for parametric PDEs has been investigated for the
shallow water equation [13], the heat equation and the FitzZHugh-Nagumo neuron model [14], and a large-scale rotating detonation
rocket engine combustion application [15]. However, stability and physical consistency of OpInf ROMs are still open challenges in
certain applications, as we discuss below.

Numerous studies have been conducted on the stability of ROMs, a necessary condition for maintaining physical consistency. In the
intrusive setting, the authors of [16] proposed an approach to stabilize projection-based ROMs through full-state feedback to modify
unstable eigenvalues of a linear operator and through a constrained nonlinear least-squares optimization problem. In the nonintrusive
setting, the authors in [17] adapted the trapping theorem [18] to promote global stability in data-driven machine learning models
with quadratic nonlinearities. Another avenue to drive systems to stability is adding closure models; see the survey [19]. The authors
in [20] enhance ROM stability and accuracy by proposing new closure models for POD ROMs of turbulent flows. Furthermore, the
authors in [21,22] provided a stabilizing closure model for the 2D and 3D Boussinesq equations based on data-driven multi-parametric
extremum seeking. Finally, the authors in [23] introduced a stabilization scheme that leverages the information encapsulated within
the POD modes to predict the long-term dynamics of the full-order system accurately.

In the OpInf framework, various approaches have been proposed to develop physically consistent ROMs by promoting stability and
preserving the physical/mathematical structure present in the FOM. To ensure the stability of OpInf ROMs, [24] introduced analytical
and optimization-based estimates of stability domains for quadratic-bilinear OpInf ROMs using Lyapunov functions. The authors in
[25] extended this work to OpInf models with nonlinear cubic terms, where the stability conditions are incorporated as constraints
in the OplInf learning problem. The authors in [26] used regularization to obtain a stable OpInf ROM for rocket combustion, and the
authors in [27] provided the generalized scalable algorithmic implementation of regularization to improve the robustness of OplInf.
Maintaining physical consistency of ROMs can also be achieved through structure-preserving methods. In particular, embedding the
underlying physical and mechanical structure into the OpInf framework has been extensively studied via structure-preserving OpInf
for canonical Hamiltonian systems [28], for noncanonical Hamiltonian systems [29], for Lagrangian systems [30,31], for general
systems that are conservative or dissipative in energy, and which exhibit a gradient structure [32], and for linear mechanical systems
with second-order structure [33]. Lastly, the authors in [34] enforced the energy-preserving structure in the quadratic operator of
OplInf through constrained optimization.

Physical systems often exhibit inherent bounds on their state variables, imposing crucial constraints that must be respected for
accuracy in the FOM or ROM modeling. For example, species concentrations in chemical systems must remain non-negative and often
have maximum possible concentrations due to constraints posed by reaction equations and boundary conditions. Fluid velocities
in specific flow regimes cannot exceed a particular value (e.g., the speed of sound in the subsonic regime), and temperatures in
thermodynamic systems may have lower or upper bounds depending on boundary conditions, etc. Violating these constraints, posed
by fundamental physical laws of the system of interest, can lead to unphysical behavior of states in ROMs, poor prediction accuracy,
and often model instability. Although the aforementioned OpInf ROM approaches conserve mathematical stability (e.g., Lyapunov),
system energy, and mechanistic principles, they do not necessarily guarantee that the ROM predictions are consistent with the
inherent physical bounds. In intrusive projection-based ROMs of reacting flows, the authors of [35] embedded state constraints on
species concentrations to address unphysical oscillations observed in certain quantities and spatial regions and obtained stable ROMs
within the training time interval. These oscillations were attributed to the ROM’s sensitivity to the coupling between fluctuations in
species mass fractions and temperature. To mitigate this issue, they used conditional probability density functions, which improved
the prediction robustness. However, when reliable conditional PDFs between certain states are not available, this approach does not
apply. Moreover, while previous OpInf formulations in [26,27,36,37] have successfully avoided stability issues related to unphysical
predictions in a single-injector rocket combustion application, a general framework to systematically preserve inherent state bounds
within the state prediction process is still lacking.

In this paper, we propose a new method to incorporate state constraints into a nonintrusive ROM, enabling it to produce physically
consistent predictions for complex nonlinear systems. Our approach builds on the concept of species limiters introduced in [35]
for intrusive projection-based ROMs of reacting flows, but generalizes it to the nonintrusive and predictive setting. The proposed
methodology departs from [35] in three key aspects: (i) state constraints are explicitly enforced during the ROM prediction step via
an online correction mechanism that partially reintroduces FOM information, thereby establishing a hybrid offline-online framework,
(ii) the framework applies beyond the training regime, and (iii) it is general, i.e., it can be applied to any ROM that evolves low-
dimensional states with known physical bounds of high-dimensional states—not solely to species concentrations. Beyond these three
advances, we further propose a new way of selecting regularization hyperparameters in ROMs via application-specific key performance
indicators (KPIs). While illustrated in this work using thermal energy in char combustion, this approach can be applied to other
reacting flow problems or physical systems, allowing regularization to target the most relevant system metrics for accuracy and
stability.
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The rest of the paper is organized as follows. Section 2 presents the theoretical and simulation background of char combustion.
Section 3 introduces the OpInf ROM with state constraints and also compares stabilizing effects provided by two different types of
bases. Section 4 provides numerical results, comparing the proposed method with the standard OpInf and other stability-enhancing
approaches, and Section 5 gives conclusions and an outlook to future work.

2. Char combustion application

A fluidized bed combustor is a combustion technology characterized by its efficient burning of fuels, such as char and biomass,
with low pollutant emissions. It combines intricate processes characterized by a multiscale flow structure, the multiphysics associated
with dense two-phase reactive flows, a nonlinear coupling of gas and solids, as well as complex homogeneous and heterogeneous
chemical reactions involved [38,39]. We simulate char combustion with a numerical model via the particle-in-cell (PIC) method,
using the open-source software MFiX-PIC (version 23.1.1) [40]. Section 2.1 presents some theoretical background for the MFiX-PIC,
briefly describing the governing equations for the gas and solid phase models alongside the associated chemical equations of the
char combustion model. Section 2.2 defines the computational domain, parameters, and initial and boundary conditions of the char
combustion problem. Section 2.3 presents details of the state variables in the MFiX-PIC data, and Section 2.4 presents a convergence
study of the char combustion simulation.

2.1. Governing equations of MFiX-PIC

In the PIC method, the term particle refers to an individual unit of material characterized by specific physical properties such as
density, diameter, and chemical composition. The PIC method groups particles with the same physical properties as a computational
parcel, a statistical assembly of particles. The PIC method solves a two-phase fluid problem by considering a Lagrangian solids phase
model that tracks the trajectory of each computational parcel, not each particle, within an Eulerian fluid. Thus, it achieves considerable
efficiency in computational costs compared to other methods that track each particle. Here, we briefly present the governing equations
of the Eulerian gas phase model and the Lagrangian solids phase model that are solved in MFiX-PIC, as in [40,41].

2.1.1. Eulerian gas phase model
The Eulerian gas phase model is governed by conservation equations of the gas phase mass, ith species mass in the gas mixture,
momentum, and internal energy, constituted mathematically as:
Ng

%(egpg) +V (64, Vg) = 2{ R, +S,. ¢))
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In Eq. (2), the diffusive species mass flux vector j, is determined by Fick’s law j, = —p, D, ;VY;, where D, ; is the diffusion coefficient.
The scalar S, is a user-defined total gas-phase mass source [kg/(m? - 5)], with S, ; denoting the contribution from ith species, so
that S, = ¥, S, ;, assuming all species contributions are accounted for. The vector S, is a general gas-phase momentum source
[kg/(m? - s2)], accounting for interphase momentum exchange. In Eq. (3), the stress tensor ¢ is modeled in the gas phase as Newtonian

. . . . . 2 T . .
fluids with a linear relation between stress and rate of strain, 7, = =% u,(V - V)5 + 4, [(va) +(Vv,) ] Here, u, is the gas dynamic

viscosity [kg/(m -s)], and & represents the Kronecker delta tensor, characterized by elements §; , =0, if j # k, and 6, = 1, if j = k.
Additional notations are defined in the nomenclature in Appendix A.

2.1.2. Lagrangian solids phase model
The Lagrangian solids phase model is governed by the conservation of mass, ith species mass, momentum, and internal energy for
the pth parcel as:

N
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The solid volume fraction is e, = 1 — ¢, and p, represents the solid density. Note that the statistical weight of particles W, is considered
in Egs. (5)-(8).
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2.1.3. Chemical reactions
In the char combustion, the heterogeneous gas-solid and homogeneous gas-gas chemistry are considered. First, the heterogeneous
reaction occurs under the effect of char that reacts with oxygen, producing carbon monoxide as

C+0.50, — CO. )

This char combustion process, where char is burned as a fuel, consists of three distinct phases [42,43]. Initially, when a large char
particle enters the bed, the reaction rate significantly exceeds the bulk diffusion rate. In this phase, bulk diffusion governs the
combustion process. As combustion progresses, the char particle shrinks, making the diffusion rate comparable to the reaction rate.
Lastly, the char particles become so small that the diffusion rate far exceeds the kinetic rate, making the kinetic reaction rate an
influential factor in determining the combustion rate. The diffusion rate Ry and the kinetic reaction rate R, are computed
following [38,44] as

24ShD,
diff = 7 o
7 4,R,T,

EO
Repem = Apreexp - RT )
ulp

Considering the interaction between R and R pem, the char combustion rate [kmol/s] across the aforementioned three phases is
determined as

dmg; 2 ( 1 1 > -1
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1/3
Here, the char particle diameter d,,; is computed as T,;:) , and the partial pressure of oxygen in the gas mixture pqy, is computed

as pgYo, Miyix/Mo,. To compute the Sherwood number, we take the Frossling-type correlation for the mass transfer of particles

in a fluidized bed as Sh =2.0e, +0.7(Re,/,)'/* - Sc!/3, where the Reynolds number Re, = pgﬁdp/ﬂg, and the Schmidt number
Sc = pu,/(p,D,); see [45,46]. The homogeneous reaction is the CO combustion, governed by

CO +0.50, — CO,. (10
The reaction rate of the CO combustion is modeled as in [47] as

_1.67x10°
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Note, since Eq. (11) uses ¢ (molar concentration) with a unit of [mol/cm?], the resulting rate of CO combustion r¢, must be converted
to be a unit consistent with the char combustion rate of [kmol/s].

2.2. Computational domain of the char combustion simulation

The computational domain of the fluidized bed boiler for char combustion is shown in Fig. 1. The small inlet dotted on the left
wall of the boiler (yz-plane, with x = 0[mm)]) is fed with solid char that has a constant mass flow rate of 5.921 x 10~°[kg/m], and
the entire bottom inlet (xz-plane, with y = 160[mm)]) is fed with air. The boiler outlet A, (xz-plane, with y = 0[mm]) has a constant
atmospheric pressure. The physical parameters and initial/boundary conditions used for the simulation are tabulated in Table 1. We
set a slightly lower initial background temperature than the inflowing char temperature to obtain a transient thermal ramp-up during
the initial few seconds of operation. Our simulation setup is based on the approaches presented in [48] and [44].

40mm
10mm
z L 4o
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y E
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Fig. 1. Computational domain of a laboratory-scale fluidized bed for char combustion.
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Table 1
Physical properties and parameters used for the char
combustion simulation.

Parameters Values
Dimensions, x X y X z [mm] 40 x 160 x 10
Char inflow diameter [m] 4.906 x 1074
Char inflow density [kg/m?] 1,300

Char mass flow rate [kg/s] 5.921 % 107°
Char inflow temperature [K] 300

Sand initial diameter 3.705 x 107
Sand density [kg/m?] 2,650
Initial background gas temperature [K] 1,073
Initial background solid temperature [K] 293.150
Bottom inlet gas pressure [Pa] 101,325
Bottom inlet gas temperature [K] 1,073
Bottom inlet gas y-velocity [m/s] -0.873
Bottom inlet O, mass fraction 0.230
Bottom inlet N, mass fraction 0.760
Bottom inlet H,O mass fraction 0.010
Outlet pressure [Pa] 101,325
Boundary wall temperature [K] 1,073

2.3. MFiX-PIC discretization details and dataset

To simulate the char combustion process, MFiX-PIC employs the finite volume method to spatially discretize the governing PDEs
(1)—(8). This results in an N-dimensional system of nonlinear ODEs in terms of the full state q = q(r) € R", describing the time
evolution of the n, variables with

dq

i F(@, 4q@)=qp (12)

for 0 <t < T,. Due to the constant boundary conditions in the combustion model, as shown in Table 1, the nonlinear system repre-
sented by Eq. (12) is autonomous. We choose the n, = 10 gas phase primitive variables—p,, v, v, v,, T,, and Y;, where i = 1 for O,,
i =2for N,, i =3 for CO, i = 4 for CO,, and i = 5 for H,O—as solution variables. In the time-discretized version of Eq. (12), the full
state q, approximates q(t,) for each time step k, and it includes all the solution vectors as:

.
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Here, N = n, - n,, and the bold symbol elements in q, indicate the vectorized solutions corresponding to each solution variable on
the discretized n, cells. Denote the #th state vector within q, as

0 =q [~ Dn, en —1], o eRr™. a4)
Here, ¢ € {1,2,...,n,}, and (¢ — Dn, : ¢n, — 1 indicates the range of indices pertaining to the ¢th variable in the full state q,. The
index ¢ in our case follows the order of variables in Eq. (13), e.g., £ =1 for pressure, £ = 2 for x velocity, ..., and # = 10 for H,0
mass fraction. The training snapshot matrix is constructed as

Q= [qo q - qK_l] e RVXK (15)

where the subscript of q represents the time step and K denotes the number of snapshots in the training regime. Later, we denote
each 7th state snapshot matrix as Q) € R"*K. This notation is frequently used in Section 3.1.

2.4. Convergence study of the char combustion simulation

We conduct a convergence study to verify that the numerical simulation of the char combustion provides reliable solutions that
become independent of the spatial discretization parameter n,. For the quantity of interest of the analysis, we choose the time-
integrated species mass fraction that is averaged at the boiler outlet, denoted as Y, of O, and CO,, defined as

< 1
-2 < M %Y”") (e
where Y, , denotes the mass fraction in the spatial index j and the temporal index k. Here, M is the set of spatial indices corresponding
to the boiler outlet A, (see Fig. 1), and |M| is the cardinality of that set. The quantity of interest Y provides a comprehensive
understanding of the mass fractions within the region designated for thermal energy collection, integrated over time. We consider
the simulation over a temporal interval ranging from 0 to 2.5s, after which the variables reach a quasi-steady state. Fig. 2 shows the
quantity of interest versus the spatial discretization dimension n,, as well as the computation time required, measured in CPU hours,
for each n,. The results for different mesh sizes are saved with the constant time step of 10~3s, and the same final time is considered.
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Fig. 2. Convergence study. Mesh sizes n, € {2520, 10800, 22400, 42000, 88200} are evaluated. The left y-axis corresponds to integrated mass fractions
for O, and CO,. The right y-axis corresponds to CPU hours on a logarithmic scale.

Hence, the difference in values of Y arises only from the differences in the species mass fractions. For increasing mesh sizes n,, the
observed values of ?Oz are 340, 395, 439, 440, and 468, while the corresponding ?coz values are 236, 166, 111, 110, and 80. These
results indicate that the integrated mass fractions of O, and CO, begin to converge at a spatial discretization of n, = 22,400, making
further mesh-refinement not cost-effective. Consequently, we select n, = 22,400 as the spatial discretization dimension, leading to an
overall ODE dimension of N = n, - n, =224,000. Nevertheless, as shown in Fig. 2, the FOM simulation with the chosen mesh size
22,400 still requires an extensive amount of computational cost, over 4,000 CPU hours, to obtain data for a physical time of 2.5s.

3. Operator inference reduced-order model with state constraints

The char combustion model is governed by the gas phase conservation Egs. (1)-(4), the solid phase conservation Egs. (5)-(8),
and the chemical reactions (9)-(10). However, similar to other legacy codes or commercial software, the complexity in the MFiX-PIC
source code renders the derivation of high-fidelity operators associated with the nonlinear function F in Eq. (12) impractical. For
exactly those settings, OpInf has emerged as an efficient scientific machine learning technique to construct predictive ROMs of high-
dimensional dynamical systems. In particular, OpInf solely requires high-fidelity data to develop underlying low-fidelity models by
learning polynomial ROMs.

In Sections 3.1 and 3.2, we present data pre-processing and dimension reduction techniques essential for constructing ROMs of
multiphysics, multiscale applications. Section 3.3 provides the theoretical background of the standard OpInf with regularization. In
Section 3.4, we introduce state constraints and their implementation details in the OpInf ROM. We also illustrate the stabilizing effect
of state constraints associated with the use of a global POD basis and block-structured POD basis.

3.1. Data pre-processing

The training and testing datasets are drawn from the FOM simulation data, with 7 € [2, 14]s used for training and ¢ € [14,40]s
reserved for testing. The variables in the training dataset encompass a broad range of numerical scales, as shown in Table 2. Specif-
ically, pressure and temperature are on the orders of 10° and 10°, respectively, whereas the mass fractions of certain species have
magnitudes around 10~*. Such multiphysics and multiscale problems pose substantial challenges for model training, as larger mag-
nitude variables can dominate those with smaller scales. To avoid numerical issues, it is advantageous to pre-process the FOM data
to scale all variables to be in comparable orders of magnitude. Among the state variables, pressure and temperature (including their
mean values) have relatively large magnitudes among all the variables considered. To address this, we center each pressure and

Table 2

Statistics of state variables within the MFiX-PIC training
dataset (1 € [2, 14]s). The solutions on the 22,400 cells over 12,000
snapshots are considered for all n, = 10 state variables.

Variable Minimum Mean Maximum
Pressure [Pa] 9.876 x 10* 1.014 x 10° 2.600 x 10°
x velocity [m/s] —-1.752x 10 2203 x 10™* 1.742 x 10
y velocity [m/s] —2.752 % 10 —-9.470 x 107! 1.261 x 10
z velocity [m/s] —1.507 x 10 1.888 x 107* 1.542x 10
Temperature [K] 5.748 x 10% 1.133 x 10% 2.361 x 10*
0, mass fraction 0 1.756 x 107! 2.300 x 107!
N, mass fraction 2,166 x 1071 7.455%x 107! 7.600 x 107!
CO mass fraction 0 8.933x 107* 7.507 x 107!
CO, mass fraction 0 6.820 % 1072 3.799 x 107!
H,O mass fraction ~ 2.851x 10  9.810x 1073 1.000 x 1072
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temperature snapshot around zero via mean subtraction:

K-1
(¢)shifted _ _(£) _ =) —) _ 1 @)
q! =q”-q97, 7 ‘Kg;,qk’ 17)

) e Rnx is the kth snapshot of the #th state, and (_1([> € R"x is its mean over

k
K snapshots. We denote the shifted snapshot matrix as Q()shifted ¢ RnxK ' populated by the centered snapshots qf)"smﬂed, where

k=0,1,...,K — 1. In contrast, the x, y, and z velocities have relatively smaller magnitudes, with their means close to zero. Thus, we
do not shift them. After shifting, if necessary, the pressure, temperature, and velocity snapshots are then scaled to ensure that all
variables fall within the range of [—1, 1]. We scale variables by dividing all elements by the maximum absolute value of the entire
shifted matrix of each variable Q)shifted The scaling process results in the scaled snapshot matrix of the Zth variable as:

where # indicates the state indices as in Eq. (14), q

Q(f),shifted
S(/) = — € RMXK (18)
max( |Q(t’),sh1fted | )

We adopt this nondimensionalization approach from [26], where mapping variables to the range [—1, 1] was chosen after careful study.
This strategy has since become standard practice in subsequent OplInf studies, as it has been shown to improve numerical stability
[27,37]. Note that since the mass fractions fall within the interval [0, 1], we do not pre-process them. Specifically, S©) = Q) ¢ R"*K
for snapshots of species mass fractions, where # = 6 corresponds to O, mass fraction, £ =7 to N, mass fraction, £ = 8 to CO mass
fraction, # = 9 to CO, mass fraction, and # = 10 to H,O mass fraction. After all pre-processing, the original training snapshot Q € RV*X
is transformed into the scaled snapshot S € RV*K,

3.2. Dimensionality reduction

Traditionally, OpInf adopts an approach in which snapshots of all state variables are aggregated, and subsequently, a global basis
is derived via proper orthogonal decomposition (POD) from the comprehensive training snapshot matrix. We thus compute a global
POD basis from the transformed snapshot matrix S € RV*K of the stacked variables. The reduced singular value decomposition (SVD)
of S, when N > K, is

S=VIW' (19)

where the columns of V € RV*K and W € RKXK are the left and right singular vectors of S, respectively. The singular values of S,
denoted as 6, > 0, > -+ > 6g > 0, are on the diagonal of a diagonal matrix £ € R¥*K, Note that the deterministic SVD of § € RV*X
has a complexity of O(N?K + K?), making it impractical due to the computational load that grows with the high degree-of-freedom
N. Thus, we perform randomized SVD via the Python package Scikit-learn [49]. This significantly reduces the complexity to
approximately O(N K logw + w*(N + K)), where o is the target rank and is typically chosen such that @ < min(N, K) [50]. The r
leading columns of the left singular vectors V form the rank-r linear POD basis as V, = [v|, ..., v,] € RV*" whose each column is
orthonormal, i.e., VrTV, =1, € R™". We project the scaled snapshot matrix S as

S=VIS=[s - §x_] eR™K (20)

The full-order scaled state s, € RN is approximated as s, ~ V,8,. The low-dimensional snapshot matrix S contains the data that are
used to construct the ROM, which we describe next.

3.3. Operator inference with regularization

OplInflearns the best-fit polynomial ROM from the projected data Sin Eq. (20), potentially with added regularization or constraints.
For the specific combustion problem considered in [37], including the cubic term in the right-hand side of the ROM provided a
stabilizing effect. However, forming all possible cubic combinations of the reduced state vector requires O(3) operations. Then
multiplying the resultant vector by the reduced cubic operator G e R involves O(+*) multiplications and O(r(+* — 1)) additions.
Thus, the overall complexity at every time step becomes O(r*) in an online ROM computation. Choosing a quadratic polynomial is
often a good trade-off between model expressiveness and computational runtime for the ROM simulation [9-11,15,26,27,36]. Thus,
we opt to learn a quadratic OpInf model as

g—§=6+7&§+ﬁ(§®§), 1€ [tgrtg—y ] (21)

Here, the operator ® indicates a compact Kronecker product that calculates the element-wise multiplication of two vectors while
removing redundant quadratic terms. For example, when a = [a,, a,, a3], the compact Kronecker product is computed as a®@ a =
[a?, a]az,a1a3,a§, aas, a%]. The ¢ € R is a constant term, A € R™" is a linear operator, H e R*+D/2 i g quadratic operator. Note
that a lifting transformation as in [26,36] is not used in this work. This is because directly accessing MFiX-PIC source terms is very
involved, and the governing equations feature strong couplings between gas and solid phases, which makes the construction of an
explicit lifted representation challenging.

In the model learning process, it is crucial to avoid overfitting the quadratic model to the data due to potential noise or under-
resolution of the data, the truncated global POD modes that result in unresolved system dynamics, and the potential for mis-
specification of the ROM as fully quadratic, despite the highly nonlinear FOM encapsulated by the governing Egs. (1)—(8) and the
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chemical Egs. (9)-(10). Therefore, we adopt Tikhonov regularization for OpInf, as in [27]. The quadratic OpInf with regularization
learns the reduced operators ¢, A, and H in the least-squares problem

K-1
a2 . 2 ~12
in {3 e85+ A6 @5 <8+ 4 (1605 + [A]]) + 4 A b 22
CAH = 2 F F
where S, = (7, ) represents the reduced state at the time step k. Note that the Kronecker product introduces scaling differences between
the entries of the quadratic operator H, and those in the constant operator € and the linear operator A, when subjected to a single
regularization parameter. This motivates us to use two regularization parameters 1, > 0 and 4, > 0, such that 4, penalizes ¢ and
A, and 4, penalizes H. Here, 5, =5(7) denotes the time derivative of the reduced state at the time step k, and it can be computed
using a suitable time derivative approximation scheme. We use a 6th-order central finite difference method, with biased forward and
backward differencing applied at the initial and final time steps. Equation (22) can be written compactly as
AT
DO - S

min a0 where 0= & . p=[1, " (3o3)] (23

and where O € R4 and D € RKX(), Here, S € R™K is a matrix whose columns are §;, and 1 € RX is a column vector of length
K with all entries set to one. Also, A = diag(4y, A{1,, A2L41)/2) € RYX40) serves as a diagonal regularization matrix, where I, and
L(41)2 are identity matrices with dimensions r and r(r + 1)/2, respectively, making d(r) = 1+ r + r(r + 1)/2. In practice, we must
carefully choose the regularization parameters 4, and A,; see Section 4.3 for details. The reduced operators inferred by solving
Eq. (23) provide the best fits of reduced state trajectories of the ROM Eq. (21) within the training regime in a minimum residual
sense.

3.4. State constraints to enforce physical consistency of the operator inference reduced-order model

Low-dimensional surrogate modeling is challenging for nonlinear multiscale and multiphysics problems. Consequently, there have
been many research advances to ensure better predictive capabilities of these models. As discussed in Section 1, various structure-
preserving methods offer an approach to enforce physical consistency in OpInf ROMs. While these approaches have successfully
addressed issues of mathematical stability, energy preservation, and conservation of mechanistic principles, they are not guaranteed
to provide ROM predictions that are consistent with the physical constraints inherent in the FOM. In this section, we propose a method
of maintaining these intrinsic physical constraints within the state prediction via OpInf ROMs.

3.4.1. Limitation of the standard operator inference reduced-order model

The standard Oplnf propagates states in the low-dimensional space from the initial reduced state §, to the final reduced state
Sk -1 through a numerical time integration. Here, K, represents the total number of snapshots forecasted through OpInf beyond
the training regime. This is illustrated in the dashed arrows in Fig. 3, which highlights the contrast in state propagation when using
standard OpInf compared to the proposed scheme with state constraints. Once the temporal evolution of all the reduced states §, is
done, the high-dimensional states are reconstructed by S = V,§ € RV*K;, However, the reconstructed high-dimensional state 5, is
not guaranteed to comply with the potential constraints posed by the physics of the FOM. Particularly for the char combustion data
considered herein, some predicted species mass fractions, which are in S« ), where 7 = 6,7,8,9, 10, see Section 3.1, may not fall within
the range [0, 1]. In fact, even the reconstruction of the initial reduced state, which is V,§;, is not assured to provide mass fractions
consistent with such a constraint.

3.4.2. Design of state constraints

In the proposed framework of OpInf ROM with state constraints, we enforce the state constraints in the reconstructed high-
dimensional state 5, € RV at every time step during the state propagation. Since the available FOM data of the char combustion
does not provide sufficient information to determine whether pressure, temperature, and velocities inherit physical constraints, we
limit our state constraints to the species mass fraction variables. This is problem-specific; thus, if physical limitations regarding
other variables are available from prior knowledge of the FOM, different constraints may have to be applied. By embedding state
constraints for the species mass fraction variables, we aim to enhance the physical consistency of the predictions made by the OpInf
ROM, thereby improving its ability to stably and accurately capture the complex dynamics of char combustion processes while
maintaining computational efficiency.

To design state constraints on species mass fractions, we use the knowledge of the variable ranges as well as boundary conditions
of the FOM, as shown in Table 1, and chemical reactions (9)-(10). Concerning the air inflow boundary conditions of the combustion
model, the maximum permissible values of the mass fractions of O,, N,, and H,O are dictated by the corresponding constituents
within the air inflow, given that these components are not produced from both Eqgs. (9)-(10). We denote those upper bounds as
YY. Those for O,, N,, and H,0 are Yé’z =0.23, YI\‘I/Z =0.76, and YI_‘I/2 o = 0.01, see Table 2. However, the CO and CO, do not constitute
the inlet air inflow and are the products of the two chemical reactions considered. Thus, we set YC% and Yégz to 1, the possible
maximum value of species mass fractions. Moreover, mass fractions in the FOM data, and in general, are always non-negative, see
Table 2 for the range of FOM states in the training regime. Thus, we enforce a lower bound of zero for all species mass fractions
(YOL2 = YNL2 =vk = YCL02 = Y}fz o = 0) throughout both the training and testing regimes. In sum, we formulate the state constraints of
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Fig. 3. Schematic of the state propagation in the ROM with species limiters, which are state constraints for the species mass fractions. The dashed
arrows represent the reduced state propagation via the standard OpInf ROM, and the solid arrows represent the state propagation via the OpInf with
species limiters. The orthogonal basis V, € RV is used for projection between the low-dimensional space R” and the high-dimensional space R".

all species mass fractions as

Yo, < max (min <Y07’ )’ YOLz) -
Yy, < max <m1n (Yst ) NLz) o
Yco < max (mln (YCO, CO) CLO)’ o
Yco, < max (min (Ycoz* Coz) 002) -
Yy,0 ¢ max (min (YHZO’ YHZO) YI‘%z())’ (28)

3.4.3. ROM state propagation with state constraints

In Fig. 3, we illustrate that states propagate across two spaces within the OpInf ROM with species limiters. We start from the true
scaled high-dimensional state s, and project it to the initial reduced state §,. To maintain the physical consistency from the initial time
step, the initial reduced state S, first must be lifted to the high-dimensional state 5, that contains all variables. The state constraints,
formulated as Egs. (24)-(28), are directly enforced tos;, leading to the modified high-dimensional state "s“(j This subsequently needs to
be projected back to’s\*o, so that the ROM propagates’s\g tos;. In this manner, we propagate states over time within the low-dimensional
space, thereby maintaining computational efficiency. This iterative procedure continues until the final time. Once the entire temporal
propagation is done, we unscale the modified high-dimensional states s} (k = 0,1, ..., K, — 1), which contain scaled variables such as
pressure, temperature, and velocities, via the inversion of Egs. (17)-(1 8) obtammg the high-dimensional states in the original scale
;. Note that since we only constrain the species mass fraction variables, which are not scaled initially, we obviate the necessity to
restore the original scales of 5, at every time step during the state propagation. Nevertheless, should limiting conditions pertain to
pre-processed variables, restoring their original scales in the high-dimensional space becomes necessary at each time step prior to
enforcing state constraints.

The presented approach departs from the conventional offline-online decomposition in model reduction by incorporating online
evaluations that partially reintroduce FOM information through state corrections. While the reduced dynamics evolve efficiently via
a ROM, the correction step can be interpreted as providing a closure mechanism that enforces physical constraints the ROM alone may
violate. This establishes a hybrid simulation: the ROM captures and evolves dominant dynamics efficiently, and the FOM-informed
correction ensures physicality. Algorithm 1 provides the algorithmic process of OpInf with state constraints. Note that the model
learning process, including data pre-processing, SVD, and regularization, requires K training snapshots, and the temporal propagation
with state constraints can go beyond this training regime, to K, time steps.

3.4.4. Stabilizing effects of ROM with state constraints and a global basis

The species limiters that act on a part of the state have a stabilizing effect on the entire state vector. This stabilizing effect is further
reinforced by the global POD basis, which plays a key role in enhancing overall stability. Fig. 4 provides a graphical illustration of
the state propagation, embedded with state constraints.

Since we use the global POD basis computed from stacked state snapshots, see Section 3.2, the linear combination of the r columns
of V.[(¢ = Dny : £n,—1,:]1 € R and the r entries of 5, reconstructs each #th state vector, which is denoted as S, [(£ — I)n, :
¢n, — 1]. For example, the reconstructed scaled pressure vector at time step k, ﬁi“aled € R"x, is computed as a linear combination
of the columns of A\ and the entries of §;, where Vo, is the first n, rows of the global basis V, € R¥*". In other words, when

A v ] € R, ﬁicaled is computed as ¥ _, 8, - v, ,. After all the states are reconstructed, leading to s, we enforce

=V, 5.

Pg [ Pgs12 2 Tpgr
the state constraints to the mass fraction states. Thus, Yo, s, Yn, .k Ycok> Yco, k> and Yy,o are corrected, producing a modified
high-dimensional state §;. In Fig. 4, we indicate the modified states with a shaded area. Afterward we compress's; through the global
POD basis V,, resulting i 1n the low-dimensional state §;. We can view the numerical aspect of this projection in two ways. First, it is

Pgo
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Algorithm 1 Operator inference with state constraints.

1: procedure OPINF WITH STATE CONSTRAINTS

Transform original snapshots Q € R¥*K into § € RV*K as in Egs. (17)- (18)

Compute randomized SVD with a target rank r,: S = V,IZ,rWrTr where V, € RN>r:, X, ERV, and W, € RExr
Select a rank-r low-dimensional basis V, = V,I [:,:r]

»

3
4
5 Project S to the linear low-dimensional subspace: S= VIS € R™K
6: Evaluate the time derivative of the reduced snapshot S
7 procedure REGULARIZATION

8 Search hyperparameters A} and A7 based on the key performance indicator criterion as in Eq. (32)
9 end procedure

10: procedure TIME PROPAGATION OVER K ; TIME STEPS WITH STATE CONSTRAINTS

11: fork:O,...,Kf—ldo

12: Reconstruct the high-dimensional state: 5, = V,§, € RV

13: Apply the state constraints Egs. (24)-(28), to 5, obtaining a modified full-state 52
14: Project 5} to the low-dimensional subspace: §} = VIEZ

15: Propagate from §; to s, by time integration of Eq. (21)

16: end for

17: end procedure

18: Restore high-dimensional states g in the original scales from §;

19 returnQ*=[q; q - Ei’;(f_l] e RNV*Ky

20: end procedure

Application of species limiters Projection of corrected high-dimensional state

T
~ ey Vr <k
Sk S Sk
52caled T T T T
Vpg VTg VYOQ Yu,0 -
Pscaled
Tk

— —
Y Apply 7
032,k
species

limiters

|| Yo 0 0

Fig. 4. Interpretation of the state constraints-embedded state propagation, as presented in Fig. 3. The process is illustrated for a single time step.
The left-hand side of the vertical dotted line represents the enforcement of species limiters, and the shaded area of 5; represents the corrected values.
The right-hand side of the vertical dotted line represents the projection of the partially corrected high-dimensional state, modifying all the entries
of the reduced state §;.

a linear combination of all the columns of VrT and all the entries of Ez, meaning 's‘;( = Zf,v: | Ej"cyn . VrT[:,n]. Another is that each entry of
”s‘,‘(’, denoted as ’s‘,‘(v'7 (n=1,2,...,r), is the outer product between a row vector of VrT, which is VI [1, :1, and a column vector EZ Either
way, all the entries of the resultant low-dimensional state §; are modified. Because the ROM advances the reduced states as a coupled
system, these changes propagate to all variables, providing an additional source of stabilization. Consequently, in the next time step
k + 1, even the reconstructed high-dimensional states not directly constrained by species limiters are affected. Thus, the proposed

approach benefits from two complementary stabilizing mechanisms: (i) the state constraints when using the global POD basis, and

10
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(ii) the inherent coupling of the ROM dynamics. In our case, these combined effects stabilize the evolution of all state variables, as
further demonstrated in the numerical results in Section 4.4.4.

3.4.5. ROM prediction with state constraints and a block-structured basis

Constructing an individual basis for each variable, rather than computing a stacked global POD basis from the entire training
snapshot matrix S € RV*X | as illustrated in the previous section, leads to more interpretable ROM coefficients. This approach is
discussed in detail in [51, Sec. 4.3.2], where the authors used a block-diagonal projection matrix to address the topological structure
of a highly coupled nonlinear problem. Specifically in our case, we can compute a separate basis for the training snapshot matrix of
the ¢th state variable, S©) € R"*K (see Eq. (18)). When n, > K, the reduced SVD of S is given by

SO = VOROWET

where V@ € R"*K | () ¢ RKXK and W) € RKXK, The linear POD basis for the #th state variable is obtained as the leading )
columns of the left singular vector matrix V), denoted as V) € R"*"”’ . Each reduction dimension + is chosen separately for each
state.

After computing the individual bases for all state variables, each basis is used to project its corresponding high-dimensional state
into a reduced state. To clarify, referring to Eq. (13), we define the bases for all variables as follows: V,, . = V=D for pressure, V=

V£f=2) for x-velocity, ..., VYHZO” = VE”EIO) for H,O mass fraction. Using these bases, the high-dimensional states are projected into
3 .9 = VT pscaled 0 : —yT yscaled r® ; e —vT 10
their reduced states: 5, =V, p} €R" for pressure, §, ; = Vo ik CER for x-velocity, ..., S¥uyok = VYHZOJYHloJ‘ eR

for H,0 mass fraction. Since each variable is projected differently, we construct a block-structured basis
: N
Vv, = dlag(vp,,,vvw,, ,VYHzo,) e RN,

where r =Y, i,0=1 r®. This basis projects the entire full state s, into the reduced state §, € R" via §, = Vs,. The variables remain
decoupled when reconstructing the full state S, from the entire reduced state §, through the block-structured basis V, as

=scaled <
1Y Vp,r sp.k
scaled S
3 = VXJ.C ~ Vi . Sv)f,k ' (29)
YHZOA,k VYHZOv’ S¥u,0.k

We next discuss the effect of using a block-stuctured projection matrix in the context of state constraints. Fig. 5 illustrates the
projection of the corrected high-dimensional states s; using the block-structured POD basis, resulting in the modified reduced states
§;. Similar to Fig. 4, the shaded areas in 5} represent the parts corrected by the state constraints on mass fractions. Because of the

Projection of corrected high-dimensional state
using a block-structured basis

Application of species limiters

I
I
Sk sy v, s, B
ﬁskcalcd : V;,r,r
1
|
. ] T
I | Vrr _
Tzcaled : V—YF'OZ o 7
I
I — | .
Y Apply B T 7
Og,k . | VY Z
- species ! H20,r
limiters |
L |
~ I
Yo R 7

Fig. 5. Interpretation of state-constraints-embedded state propagation, when using a block-structured POD basis. The left-hand side of the vertical
dotted line represents the enforcement of species limiters, and the shaded area of §; represents the corrected values. The right-hand side shows the
projection of the partially corrected high-dimensional state, modifying only the entries of the reduced state §; corresponding to the mass fraction
variables.
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block structure of VT, the coefficients in the reduced states 7 associated with variables other than species mass fractions remain

unchanged. In particular, the first Zi:] %) entries of §z (corresponding to unmodified states such as pressure, temperature, velocities
in our case) are unaffected by the state constraints. However, once the ROM evolves the partially modified reduced state 8} in time, its
coupled dynamics cause all state variables to be indirectly affected. Consequently, similar to the case of the global basis, at the next
time step k + 1, the components of the reduced state §; for pressure, temperature, and velocities differ from those that would have
been obtained without mass-fraction correction at time step k. In other words, with a block-structured basis, state constraints still
provide a stabilizing effect on all variables through the coupled ROM dynamics, though not as strongly as in the global basis case,
which has two stabilizing mechanisms, as discussed in Section 3.4.4.

4. Numerical results

This section presents the numerical results of our study on OpInf ROMs with state constraints for the char combustion problem.
Section 4.1 presents the details of the MFiX-PIC FOM data from which the ROM is constructed. In Section 4.2, we discuss the ROM
dimension selection process. Section 4.3 presents the regularization hyperparameters selection process, where we propose a new
selection criterion via a key performance indicator. In Section 4.4, we analyze the effect of enforcing state constraints to OpInf on
stability, accuracy, and computational efficiency by comparing it with standard OpInf and other stability-enhancing OplInf approaches.
As discussed in Sections 3.4.4 and 3.4.5, the global basis provides stronger stabilizing effects due to the combination of state constraints
and coupled ROM dynamics. Thus, for the results shown here, we use the global POD basis.

4.1. FOM data details

The training data generated by MFiX-PIC consist of solution variables from Eq. (13) over n, = 22,400 cells, with N =n, xn, =
224,000 being the degrees of freedom of the high-fidelity system. The FOM simulation generates solutions over 38s (from 7 =2 to
t = 40s), using an adaptive time step ranging from 108s to 10~*s. The snapshots are saved every &t = 10~3s, providing K = 38,000
snapshots. Of these, the initial K = 12,000 snapshots (corresponding to ¢ € [2, 14]s, 32 % of the data) are used for training, while the
remaining 26,000 snapshots (corresponding to ¢ € [14,40]s, 68 % of the data) are reserved for testing. Thus, the testing interval extends
approximately 200 % beyond the length of the training interval. The high-dimensional data generation took approximately 56 days
with an MPI-based solver on 45 CPUs, corresponding to 60,480 CPU hours (Intel Xeon W-3175X CPU @ 3.10 GHz). The construction
of the OpInf ROM utilizes the training snapshot matrix Q € R?>+000x12000 Taple 2 shows the range of state variables within the
training regime, which is essential for the data pre-processing step, as elaborated in Section 3.1. The ranges and means of the state
variables in the testing regime (not shown here) are similar to those in the training regime.

4.2. Selection of the ROM dimension

Conventionally, POD considers an energy metric to determine the ROM dimension r. The cumulative energy &.,,(r) is defined as
the ratio of the sum of squared singular values up to rank r to the total sum of squared singular values: &, (r) = Z:’ . 0'5 / Z:’; . 03,
where the o, (n=12,...,r)are the singular values of the scaled snapshot matrix S. Here, r, is the number of singular values to extract
when we use randomized SVD in practice. This cumulative energy connects the low-rank dimension r to the relative projection error
of the scaled snapshot S as

AR
‘gproj(r) = a2 - 1 = Ecym (). (30)
ISl
For this data set, we found that &;,;(1) = 0.005, meaning the cumulative energy is 0.995 with r = 1. Despite the first mode containing
most of the system energy, choosing only one global mode for all variables is insufficient to capture the complex dynamics and
sensitivities of the combustion model.

Instead of evaluating the single projection error of the scaled snapshot matrix S that contains all the scaled variables, we can
also calculate the projection error for each variable in its original scales, with respect to the low-dimensional rank-r basis V,. This
involves reconstructing the scaled snapshots as S= V, VTS, followed by restoring the original scales of all n, = 10 variables through
the inversion of Egs. (17)-(18). Denoting the reconstructed snapshot matrix of the #th state in its original scale as 6(" ) € R*K (see
Section 3.1 for notation), the relative error is computed with respect to the true #th state snapshot matrix Q) € R"*K,

Fig. 6 shows the variable-specific projection errors in their original scales with respect to the low-rank dimension r. Pressure, N,,
and H, 0 mass fractions exhibit notably low errors, in turn indicating high energy capture. Conversely, CO mass fraction and velocity
components (v,, vy, v;) display higher errors. This discrepancy is in part due to their relatively small scales, which skew the errors
when considered in the denominator of the relative error metric. These observations highlight the strong dependence of projection
errors on the specific variable under consideration. This variability suggests that the effectiveness of the rank-r basis in capturing the
system’s dynamics is not uniform across all variables.

In conclusion, neither the projection error of the individual variables nor the energy associated with the entire scaled snapshot
matrix S provides a comprehensive representation of the complex and multiscale characteristics of this dataset. After several tests,
we select r = 30 because it reasonably captures the high-frequency fluctuating dynamics of the FOM while providing a manageable
model dimension. For this dataset, selecting more than 30 modes is ineffective. This is because the regularization hyperparameter
selection process, which is discussed next, substantially increases the computational time.
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Fig. 6. Projection errors of each variable. The errors are computed with the variables in their original scales as [|Q®) — Q¢ 1%/1Q“ 1%

4.3. Regularization hyperparameters selection based on key performance indicator

To select the hyperparameters 4, and A, for regularizing the least-squares problem in Eq. (22), we create a logarithmically-
spaced uniform parameter grid, where (4;, 4,) € [107!,10°] x [10?, 101°], with each dimension discretized into 10 values. Using each
set of inferred reduced operators with each regularization on the (4;,4,) grid, the ROM propagates the initial reduced state §,
within the training regime through numerical time integration of Eq. (21), obtaining the ROM solution in the reduced space SROM —
[SROM, ... 8%OM] € R™K. Conventionally, one selects the best 47 and 4; values that minimize the relative state error between the FOM
reduced states Eq. (20) and the ROM solution,

_ ||’S‘F0M _ §ROM”F

eROM x 100 (%). (31

[ISFOM|l

While widely used, this approach is inadequate in our case because it measures accuracy only in the scaled reduced state space, where
contributions of different variables are scaled and mixed. As a result, a model may achieve a lower relative state error yet fail to
capture essential nonlinear dynamics in the physical variables.

We propose to use the key performance indicator of char combustion as an alternative way of selecting hyperparameters for
regularization. During each ROM prediction in the (4,, 4,) grid search, we compute a crucial derived quantity of char combustion as
the KPI: the thermal energy collected at the boiler outlet A, (see Fig. 1). This quantity serves as a ROM selection metric throughout
the grid search. The thermal energy &£(r)[J] is formulated as

t
&) = / 1 / €y (X, 7) - (X, T) - AT(x, 7)dx | dr. (32)
1o |AO| Ao ’

HO)

Here, the specific heat capacity of the gas mixture, ¢, ,, is computed as Y}, c,; - X;/ My,x where My, = ¥, X, - M, represents molar
mass of the gas mixture. The molar fraction of each species is X;, and its molar mass is M;, i.e., M, = 31.9988[g/mol] (0,), M, =
28.0134[g/mol] (N,), M; = 28.0104[g/mol] (CO), M, = 44.0098[g/mol] (CO,), and M5 = 18.0153[g/mol] (H,0). The mass flow rate,
m [kg/s], through a surface is computed by summing the product of the gas phase volume fraction, density, velocity component
normal to the boiler outlet surface Ay, and the area: [ ¢, - p, - v, - dAy, which in turn is computed in the discretized setting as
ik €gijk * Peijk * Uyijk * |Ao,jk], where ijk are the spatial indices of the discretization of 4. Here, &(z) represents the thermal energy
rate [J/s], averaged across the boiler outlet A,,. To compute Eq. (32), all state variables except for v, and v, are required. However,
the computation only needs the reconstruction of the high-dimensional variables in a specific region, A, making it computationally
feasible.

We generate two ROMs based on different regularization methods: one is chosen via the KPI-based approach in Eq. (32), where
thermal energy guides hyperparameter selection, and the ROM that is trained by minimizing the relative reduced-state error of
Eq. (31). Fig. 7 compares temperature and N, mass fraction predictions for those two ROMs. It demonstrates that our proposed KPI-
based approach provides a more physically accurate ROM for this problem, as it captures key nonlinear combustion dynamics in both
temperature and N, mass fraction better than the other ROM, which is not expressive despite minimizing Eq. (31). In particular, the
conventional relative state error metric of Eq. (31) assigns the KPI-based ROM a slightly lower score of eR°M = 6.64 % compared to
eROM — 6 35 % for the other that minimizes Eq. (31). This highlights that minimizing the reduced-state error does not ensure physical
fidelity for our complex, multiscale char combustion case. In contrast, the proposed KPI-based approach aggregates contributions
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Fig. 7. Comparison of two ROM predictions of temperature and N, mass fraction over 9,000 snapshots spanning from 2 to 11s, averaged across the
boiler outlet surface.

from multiple variables in the full physical space, directly reflecting the underlying combustion physics, and yields a ROM that better
preserves critical combustion behavior.

For this dataset, the proposed approach is less expensive than the conventional method of selecting regularization hyperparam-
eters based on the state error minimization metric. This is primarily because the norm computation for ||§ - §R°M|| r/ ||§|| p in the
conventional method is costly as the number of training snapshots K is high. When computing the error of the predicted KPI, we
compare its full time series of the thermal energy £(¢), not the thermal energy accumulated at the final training time step, &(fx_,). This
avoids cases where the final energy would be similar, but the production curves thereof would have differed significantly. We also
exclude regularizations that produce negative values of &(¢). For each combination of regularizations, the OpInf problem is solved,
the resulting ROM is integrated in time, and &(7) is computed from the reconstructed high-dimensional states over a partial domain—
combustion outlet A,—using the unconstrained ROM trajectory. Note that state constraints are not applied during this step, thereby
avoiding the substantial offline cost of repeatedly enforcing them in the full high-dimensional space throughout the grid search. The
hyperparameters, (4;, 4,) = (129.1550,5994.8425), are selected via this KPI-based grid search. These hyperparameters minimize the
error between £FOM(z) and EROM(y), resulting in a relative error of 10.57 %.

4.4. Comparison with other stability-enhancing operator inference reduced-order model approaches

Since the proposed Oplnf with state constraints also enhances the stability of the ROM, we compare it with two other advanced
stability-enhancing approaches of OplInf: eigenvalue reassignment and constrained optimization. Additional results for OpInf using
log-transformed species mass fractions for positivity preservation are included in Appendix C.

4.4.1. Eigenvalue reassignment

The OplInf framework finds the reduced operators by minimizing the cost function of Eq. (22). As a result, it does not guarantee
that the inferred linear operator A € R™" has only stable eigenvalues. Eigenvalue reassignment generates a stable A by repositioning
its unstable eigenvalues to be stable (see, e.g., [25, Sec. 3.4.1]). First, assuming Ais diagonalizable, we identify the eigenvalues of A
by computing its eigendecomposition as

A=ox0! (33)
where the columns of ® are eigenvectors of A, and X, is a diagonal matrix containing the eigenvalues of A. Assume that the leading
p eigenvalues of A have non-negative real parts. Let these eigenvalues be o/, ..., 0, and let the remaining eigenvalues be 6., ..., 0,.
Denote R(s) and (o) as real and imaginary parts of the eigenvalue ¢. We replace R(s,),...,R(s,) with a small tolerance —e,
where ¢ > 0. The linear reduced operator A is then replaced by a new stable matrix ®IPD~!, where T = diag(—e + S(oy), ..., —€ +
3(0,): Gp41s - »0,). As a result, all the eigenvalues in X have strictly negative real parts.

4.4.2. Operator inference with constrained optimization

The authors in [25] considered constrained optimization within a structure-preserving OpInf framework to identify a symmetric
negative definite linear matrix A. They demonstrated the local stabilization of the OpInf ROM by constrained optimization on Burgers’
equation and the reaction-diffusion equation. Yet, its performance in strongly nonlinear multiphysics problems, with conditions not
close to the linear regime, is not certain. For the purpose of the comparison in this paper, we solve the constrained optimization for the
Oplnf with char combustion data. For numerical purposes, we 1mplement this with a model constraint A + €I < 0 in Eq. (22), thereby
finding a stable matrix A. Here, I € R is an identity matrix, A + ¢I < 0 means A + ¢I is negative semidefinite, and the tolerance
¢ > 0 ensures that A is negative definite. We use the cvxpy 1.6 python package [52,53] for negative semidefinite programming,
without a symmetry constraint and with a default tolerance of ¢ = 1075.

4.4.3. Error metric

We calculate pointwise errors for all variables in their original scales as an error metric. Since pressure and temperature have
large magnitudes, we use a standard relative error for these variables. The notation follows Eq. (14), except that the prediction is
made for the K, = 38,000 snapshots for each #th state variable on the n, = 22,400 cells, such that Q) € R2240038.000 The relative
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pointwise error is computed as

(¢),FOM (#),ROM
‘szk -Qj
£),FOM
o}

rel _
Yj,k -

where j and k denote spatial and temporal indices. However, this error metric can often skew a small error if true values in the
denominator are small. Thus, for other variables (velocity components and species mass fractions) that have relatively smaller scales
and even include values close to zero, we compute a normalized absolute error

Jok Jok
kT max(|Q()FOM))

)Q(f),FOM _ Q(f),ROM
Yr_labs —

Here, the denominator denotes the maximum of absolute values of Q“>FOM throughout the entire spatial and temporal domain. The
resulting error matrix Y € R"™>K/ contains pointwise errors for all K + snapshots throughout the training and testing regime, over the
entire spatial domain. To analyze the temporal evolution of the error across the spatial domain, we calculate the spatially averaged

pointwise error where each element Y, = nl "oy ;« Tepresents the spatially averaged pointwise error at the time step k.

=l

4.4.4. Results

Stability and error comparison. Fig. 8 compares errors introduced in Section 4.4.3 for four models: (i) the proposed OplInf with species
limiters, (ii) standard (unconstrained) Oplnf, (iii) OpInf with eigenvalue reassignment, (iv) OpInf with constrained optimization. All
ROMs propagate low-dimensional states using the RK45 time-integration scheme. For a fair comparison and to isolate the effect of
each Oplnf variant, we apply the same regularization hyperparameters, 4, and 4,, across all OpInf ROMs. These regularizers are
selected based on the KPI criterion for the standard OplInf. This ensures that any observed performance differences arise solely from
the formulation of each Oplnf variant, rather than from differences in regularization. Except for the proposed OpInf with species
limiters, the other ROMs implemented propagate states without state constraints, see also Fig. 3, where this is illustrated with dashed
arrows.

First, the error evolution of all OpInf models is similar in the training regime, except for OpInf with eigenvalue reassignment.
This reflects the contribution of appropriate regularization to accuracy, achieved through the KPI-based selection of hyperparameters
during the model learning phase. As the predictions go beyond the training regime, we observe a divergence of errors for all variables
with the standard OplInf. In contrast, the OpInf with state constraints on the species mass fractions maintains stable and consistently
lower errors. This demonstrates that enforcing state constraints enhances accuracy by providing a stabilizing effect. The OpInf with
eigenvalue reassignment produces larger errors than the standard OpInf within the training regime, eventually resulting in divergent
errors in the testing regime.

This highlights that making a highly nonlinear system locally stable simply by reassigning unstable eigenvalues of its linear
operator does not guarantee global ROM stability and accuracy. In addition, the divergent predictions arise because the quadratic
term in the model Eq. (21) dominates the system dynamics in the testing regime. In constrast, the OpInf with constrained optimization
learns the optimal stable A < 0 in the model learning process. Its error behavior in the training regime is similar to the OpInf with
species limiters. In the testing regime, its errors become slightly larger than those of the OpInf with species limiters. Note that although
evaluating errors after + = 40s is not possible because we do not have FOM data, we can still check if the ROM predictions are stable
and physically consistent. We found that predictions by OpInf with constrained optimization begin to diverge at 7 = 50s, whereas
Oplnf with species limiters is stable yet becomes less expressive. Similar to the OpInf with eigenvalue reassignment, the divergent
ROM predictions by OpInf with constrained optimization in the time horizon far beyond the testing regime are due to the predominant
influence of the quadratic term in the ROM. We also investigated cubic OpInf ROMs with KPI-based regularization. However, their
offline training—especially the grid search for optimal regularization hyperparameters—was substantially more expensive than that
of quadratic ROMs due to the increased number of operations (see Section 3.3). In addition, the cubic ROMs yielded less expressive
solutions than the quadratic ROMs.

A critical observation is that the state constraints applied to the species mass fractions provide a global stabilizing effect across
all variables, including pressure, temperature, and velocity components that are not subject to constraints. This added benefit is due
to using a global POD basis. As depicted in Fig. 4 and detailed in Section 3.4.4, at each time step k, the entire reduced state vector
Sy is modified to §}, even though the constraints are applied only to species mass fractions. The modified reduced state s; evolves to
Si41- The S, is then lifted to the high-dimensional scaled state S, ;, which contains all variables. This process ensures that the ROM
always propagates entirely modified reduced states, eventually influencing the trajectories of all variables.

Conservation of physical constraints. Next, we check if the OpInf ROMs make unphysical predictions. Table 3 presents the ratio of
the unphysical species mass fractions predicted with each OpInf ROM over the entire spatial and temporal regime. Predictions on
species mass fractions are considered unphysical if they violate the conditions specified in Egs. (24)-(28). The standard OplInf, OpInf
with eigenvalue reassignment, and OpInf with constrained optimization generate unphysical predictions for all species, whereas the
OpInf with species limiters Eqgs. (24)-(28) remains physically consistent for all species across the entire spatio-temporal domain. If
we further relax the upper bounds in Egs. (24), (25), and (28) to one (which would be known a priori without FOM or the boundary
condition data of this specific model), the ROM produces unphysical results for O,, N,, and H,O. This demonstrates that incorporating
any available physical information into the design of state constraints improves the physical consistency of the ROM predictions. We
note that, while the KPI strategy improves model accuracy during training, it alone does not ensure physically valid predictions: the
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Fig. 8. Comparison of spatially averaged pointwise error Y, of all methodologies. Figures in the left column show error propagation over the
training regime, while those in the right column show the full time horizon. The black vertical lines mark the end of the training regime, which
comprises 12,000 snapshots in 7 € [2, 14]s, followed by the testing regime (26,000 snapshots in ¢ € [14,40]s). Variables not shown here are presented
in Appendix B.

physically consistent behavior of species-limited OpInf can be directly attributed to the enforcement of state constraints. We also
observe unphysical predictions by OpInf with species limiters enforced every ath time step, see the last two rows of Table 3. We
provide a detailed discussion together with the computational time analysis presented later.

Additionally, we check whether each ROM conserves the sum of mass fractions, Yo, + Yy, + Yco + Yco, + Yu,0, ensuring that it re-
mains equal to 1. Fig. 9 compares the spatially averaged sum of mass fractions over time for each ROM. Among the four methods, only
Oplnf with species limiters consistently maintains the sum of five mass fractions close to 1 across the entire spatio-temporal domain.
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Table 3
The percentage (%) of unphysical species mass fractions in n, = 22,400 spatial grid cells over
K, = 38,000 snapshots. The last three cases apply the species limiters Egs. (24)-(28) every ath

time step.
0, N, co co, H,0
Standard OpInf 26.74 26.57 30.79 18.95 26.57
OplInf with eigenvalue reassignment 45.28  40.20 46.78  25.64  40.20
OplInf with constrained optimization 8.30 18.76 18.66 6.98 18.76
Oplnf with species limiters of a generic bound [0, 1] 2.64 20.06 0 0 20.06
OplInf with species limiters (a = 1) 0 0 0 0 0
OpInf with species limiters (a = 10) 0.64 0.15 6.35 0.86 0.15
OplInf with species limiters (a = 100) 3.11 2.65 15.23 3.30 0.65
— Standard Oplnf - - - . Oplnf with eigenvalue reassignment
...... OplInf with constrained optimization ...... Oplnf with species limiters
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Fig. 9. The sum of mass fractions over time. The sum is computed by summing five mass fractions and then averaging over the spatial discretization
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dimension: ), , = P Z/=l Yoz/,k + YNz/,k + Yo, + YCOz,,k + YHZO/,k’ where j and k represent spatial and temporal indices.
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Fig. 10. Comparison of thermal energy rate and thermal energy. The shaded area under the reference &, representing its time-integrated quantity,
corresponds to the thermal energy &.

Note that the proposed method does not explicitly enforce this constraint; however, the species limiters defined in Egs. (24)-(28)
help preserve this property.

Thermal energy prediction. Fig. 10 presents another comparison of the four methods regarding the prediction capabilities for the
thermal energy, our KPI. As shown in Fig. 10(a), the standard OpInf, OpInf with eigenvalue reassignment, and OpInf with constrained
optimization yield unstable predictions for the thermal energy rate, &, computed using Eq. (32). Notably, these methods even predict
negative values for ¢ in the testing regime. This is unphysical because ¢ must inherently remain strictly positive, given that the specific
heat capacity c,,, mass flow rate s, and the temperature gradient AT are all positive over the boiler outlet Ay). In particular, the
OplInf with eigenvalue-reassignment predicts negative £ even in the training regime, despite using the same regularizers as the other
methods. This stems from the fact that the unstable eigenvalues of A are reassigned after the model is trained. The instability and
inaccuracy £(f) in the three methods lead to correspondingly unstable and inaccurate thermal energy predictions in Fig. 10(b). On
the other hand, OpInf with species limiters makes stable and accurate predictions throughout training and testing, resulting in the
closest predictions to the time series of the FOM thermal energy.

Comparison of computational time. Table 4 compares the four methods’ computational cost. We run all four ROMs using Python
3.12.2 on an MPI-based cluster equipped with 56 Intel Xeon W-3175X CPUs @ 3.10 GHz. The offline and online computational costs
are measured in wall clock time. The online speedup factor is computed by dividing the FOM simulation cost (60,480 CPU hours)
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Table 4

Comparison of computational wall time for the offline stage (model learning in the training
regime) and the online stage (time integration in the entire time regime) across all methods.
The last three cases apply the species limiters every ath time step to investigate possible
avenues for online speedup. To account for variations in ROM simulation time, we average
the costs over 10 runs for each method.

Offline [mins] Online [mins] Online speedup factor

Standard OpInf 2.68 0.01 4.41x10°
OplInf with eigenvalue reassignment 2.69 0.01 4.41x10°
Oplnf with constrained optimization 64.36 0.01 4.41x10°
Oplnf with species limiters (a« = 1) 2.68 20.83 3.17x 103
Oplnf with species limiters (a« = 10) 2.68 5.14 1.26 x 10*
OplInf with species limiters (« = 100)  2.68 1.64 3.95x 10*
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Fig. 11. Comparison across four training horizons: 2-7s (K = 5,000 snapshots), 2-11s (K = 9,000), 2-14s (K = 12,000), and 2-17s (K = 15,000). The
vertical lines indicate the end of each training regime, with the line color and style matching the corresponding error curve.

by the ROM online cost, with all ROM costs converted to CPU hours. Specifically, we measure the ROM online CPU time using
the time.process_time() function in time module of Python. The online phase for all methods includes the temporal evolution
of the reduced states by the ROMs in the entire time domain, followed by the projection of the results into the high-dimensional
space. The offline phase for all methods comprises data pre-processing, randomized SVD, and solving the optimization problem with
regularization to learn the ROMs. The randomized SVD, which takes approximately 2.42 mins in wall time, is the most expensive step
in the offline phase. For the OpInf with eigenvalue reassignment, the offline phase also includes reallocating unstable eigenvalues of
the learned linear operator A € R™". This process is executed instantaneously, as the dimension of A is only r < N.

The offline stage of the OpInf with constrained optimization includes solving a regularized optimization problem with a model
constraint A + €I < 0, which can be expensive depending on the amount of training data and the ROM dimension. In our case, this
process takes more than 60 mins on average over 10 runs in wall time. Lastly, one should note that all four models are trained on the
same amount of high-fidelity data with the same projection matrix. If not otherwise available, simulating that data may also factor
into the offline cost.

Sensitivity of OpInf with species limiters to the amount of training data. We investigate the influence of training data length on the
performance of the OpInf ROM. Fig. 11 shows the comparison of error propagation for standard OpInf ROMs and species-limited OpInf
ROM:s trained with varying numbers of snapshots, with all models selected based on the KPI-based regularization with parameters
given in Section 4.3. The standard Oplnf shows unstable error growth when trained with K = 5,000, 9,000, and 12,000 snapshots,
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whereas extending the training set to 15,000 snapshots improves stability and extends accuracy further into the testing horizon. In
contrast, the species-limited OpInf ROMs yield consistently stable error behavior across all training lengths. The error curves for
these cases nearly overlap, indicating that the performance of the species-limited OpInf ROMs is largely insensitive to the amount of
training data.

Summary of ROM performance. The performance of the four OpInf ROMs can be summarized as follows. First, standard OpInf, OpInf
with eigenvalue reassignment, and OpInf with constrained optimization are the fastest methods online. However, they encounter
stability and accuracy issues when making long-term predictions, often resulting in physically inconsistent results and inaccurate
predictions on our KPI. Oplnf with constrained optimization involves considerable offline computational costs, making it more ex-
pensive to train compared to other approaches. Additionally, this method does not always produce expressive ROMs when evaluated
with training data across different temporal regimes. For example, using a larger amount of training data (e.g., K = 15,000 snapshots)
results in less expressive predictions with fewer oscillations compared to the FOM data. Conversely, unlike the species-limited ROM
cases shown in Fig. 11, training with fewer snapshots (e.g., K = 5,000 and K = 9,000 snapshots) leads to instability, even with sta-
bilization efforts. Lastly, OpInf that enforces species limiters every time step incurs the highest online cost, leading to the smallest
online speedup among all methods. This is because it requires reconstructing high-dimensional states at each time step, enforcing
species mass fraction constraints (as outlined in Egs. (24)-(28)), and projecting the modified states back to the low-dimensional
space, see Fig. 3. Nevertheless, it achieves a significant speedup of 3,170 times compared to the FOM computation. While enforcing
species limiters every ath time step (here, « = 10 and 100) improves online speedup, as shown in Table 3, this strategy does not
ensure physically valid mass fraction predictions at intermediate time steps when the constraints are not applied. As demonstrated
in the numerics above, only OpInf with species limiters at every time step ensures physically consistent predictions for species mass
fractions in this application. It also provides the best accuracy and stability among all methods tested.

5. Conclusions

We proposed a new approach to enhance accuracy and stability of nonintrusive OpInf ROMs, while ensuring physical consistency,
as demonstrated in a char combustion application. We incorporated state constraints into the prediction step of the OpInf ROMs,
specifically for the species mass fraction variables, enabling physically consistent predictions across the entire spatio-temporal domain.
Our approach combines efficient ROM state evolution with an online correction that partially reintroduces FOM information, forming
a hybrid offline-online framework. We further introduced a strategy for selecting regularization hyperparameters in OpInf ROM
training, guided by key performance indicators (KPIs) that can be defined for a wide range of physical and engineering applications.
The proposed OpInf ROM with state constraints demonstrated superior performance in terms of stability, accuracy, and physical
consistency, compared to the standard OpInf and other stability-enhancing approaches, which failed to fully preserve species mass
fraction bounds and showed error growth, albeit at different rates. We further showed that combining a global POD basis with state
constraints provides the strongest stabilizing effect and the highest prediction accuracy, outperforming the block-POD basis. This
approach also stabilizes other variables, such as pressure, temperature, and velocity components, which are not directly constrained.
Although the state-constrained OpInf ROM incurs additional online computational cost, it still achieved a significant speedup of
approximately 3170 times relative to the FOM simulation.

The proposed approach offers a promising avenue for developing fast, stable, and physically consistent data-driven ROMs for
large-scale nonlinear systems. Future work could explore formulating the OpInf framework in an integral or a discrete-time form
to address challenges in estimating time derivatives of POD coefficients for highly noisy, oscillatory, and coarsely sampled data.
Also, investigating ways to reduce the online computational cost of the current expensive state constraints step, which relies on FOM
information in the high-dimensional space, would be very valuable. We also attempted to impose limiting conditions directly on the
reduced states after projecting the species mass fraction variable onto its own latent space via a block-structured basis. However, the
physical bounds are encoded through coupled interactions between POD modes and coefficients, making it difficult to enforce such
constraints in the low-dimensional space. Finally, the very recent work [54] proposes a method to ensure the sum of mass fractions is
equal to 1 in high-fidelity simulations of reacting flows. It would be interesting to impose such a constraint with our proposed state
constraints in the ROM.
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Appendix A. Nomenclature

Pq gas density [kg/m?]

v, gas velocity vector in 3D space [m/s]

v, solid particle velocity vector in 3D space [m/s]

N, number of chemical species in gas mixture

R, rate of formation per unit volume of ith gas species

R,; rate of formation for the pth MFiX-PIC parcel of ith chemical species
S, gas source term [kg/(m? - s)]

S, solid source term [kg/(m? - s)]

Y; mass fraction of ith gas species

Y, mass fraction of ith gas species for the pth parcel

X; molar fraction of ith gas species

Jg diffusive flux vector

Py gas pressure [Pa]

g gravitational acceleration vector [m/s?]

Hy dynamic viscosity [kg/(m - s)]

S, general gas phase momentum source term vector [kg/(m? - s?)]
T, gas stress tensor [kg/(m - s?)]

T, interparticle stress tensor [kg/(m - s2)]

Cpe gas phase mixture specific heat capacity at constant pressure [J/(kg - K)]
Cop solid parcel specific heat capacity at constant pressure [J/(kg - K)]
Cpi ith gas specific heat capacity [J/(kg - K)]

T, gas phase temperature [K]

T, solid phase temperature [K]

K thermal conductivity [W/(m - K)]

hy; ith species specific enthalpy [J/kg]

Mei mass of unreacted char [kg]

dy; diameter of a char particle [m]

m, particle mass [kg]

Poxy partial pressure of oxygen in gas mixture [Pa]

M molecular weight [g/mol]

Rie diffusion rate

Reihem  kinetic rate

Sh Sherwood number

D, binary diffusion coefficient of oxygen-nitrogen mixture [m?/s]
R, universal gas constant [J/(kmol - K)]

T, mean temperature between gas and solid [K]

Apre pre-exponential factor

E, activation energy

Re, Reynolds number

U slip velocity between fluid and particles

Sc Schmidt number

£ gas volume fraction

w, statistical weight of particles

Appendix B. Error propagation of all variables

To complement the results presented in Fig. 8, we include here the error plots of the remaining five variables, see Fig. B.1. These

results verify the same overall trends of error evolution discussed in Section 4.4.4.
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Fig. B.1. Figures in the left column show error propagation over the training regime, while those in the right column show the error propagation
over the full time horizon.

Appendix C. Operator Inference using log-transformed species mass fractions for positivity preservation

In this appendix, we discuss a strategy for learning an OpInf ROM using log-transformed species mass fraction data. As noted in
Section 3.1, the species mass fractions are not preprocessed in this work, since their values already fall within the target range used
in data preprocessing, [—1, 1]. Nevertheless, a log-transformation can be applied prior to training to ensure positivity of the predicted
mass fractions. Since the minimum mass fraction in the training data is zero (see Table 2), we introduce a small positive tolerance,
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Fig. C.2. Time evolution of spatially averaged error Y, (see Section 4.4.3) for CO, and H,O of OplInf with log-transformed mass fractions.

0 < e < 1, to avoid taking the logarithm of zero. The log-transformed mass fractions are then defined as
Y, =In(Y +e¢),

which satisfies Y}, < O for all training mass fractions in the range 0 <Y < 1 — ¢. We then scale the log-transformed mass fractions using
the same way as in Eq. (18). After training a polynomial OpInf ROM, we propagate the low-dimensional states via the standard OpInf
ROM state evolution illustrated in Fig. 3. Finally, the high-dimensional states are reconstructed from the predicted low-dimensional
states, followed by unscaling and inversion of the logarithm to recover positive mass fractions. The procedure can be summarized as
follows:

. Apply the logarithm to species mass fractions: Y}, = ln(Y +¢€)<0.

. Obtain the scaled log-transformed states Yscale‘jl ﬂ , where § = min (Y;,) < 0. This ensures 0 < YScaled <L
. Train the OpInf ROM.

. Propagate the low-dimensional states.

. Reconstruct high-dimensional log-transformed mass fractions ¥,.

. Obtain the unscaled log-transformed prediction Y =p-Y,
~/
. Recover the mass fraction predictions in the original domain: ¥4 = e'n —e.

N O~ w N

Due to the inclusion of ¢, the recovered mass fraction in step 7 satisfies Yjreq > —e. In other words, the predicted mass fractions are
bounded below by a negative value infinitesimally close to zero. In our test, we set ¢ = 1016, However, this approach still fails to
achieve our goal of physical consistency of mass fractions and stability. While the preprocessed high-dimensional log-transformed
mass fractions are strictly bounded (0 < Ylicaled <1 at step 2), the reconstructed log-transformed states ¥;, at step 5 are obtained

through the coupled ROM dynamics and are not guaranteed to remain within the same bounds. In particular, if ¥;, <0, then the
resultant 171; (after unscaling) may become positive. This, in turn, leads to Yj.q > 1, which violates the physical consistency of mass
fractions and may cause instability in long-time ROM predictions. Fig. C.2 shows unstable time-evolution of spatially averaged error
Y, of two variables, Yco, and Yy, o.
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