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Abstract

Powder bed fusion is a widely used additive manufacturing (AM) process for producing complex, small-batch parts that
are impractical to manufacture using conventional methods. However, its broader adoption is hindered by process-induced
defects. The challenge in AM stems from inherent material and process uncertainties. Therefore, it is critical to account for
these uncertainties in the design optimization and control of powder bed fusion AM processes. In this work, we formulate
and solve a design optimization under uncertainty problem for a powder bed fusion metal AM process. Our objective is to
minimize energy consumption while enforcing a risk-based constraint formulated with a buffered probability of failure on
residual stress, along with a constraint on melting temperature to ensure a successful build. We use surrogate models for the
residual stress and temperature snapshots to accelerate optimization; we train these models using data from high-fidelity
finite element simulations. We validate the optimization results through additional high-fidelity simulations. The validated
results demonstrate that the proposed optimization reduces energy consumption, enhances process reliability, and contributes
to more robust and sustainable additive manufacturing.

Keywords Risk - Design optimization - Powder bed fusion - Additive manufacturing - Titanium - Buffered probability of
failure - Conditional value-at-risk - Superquantile - Singular value decomposition - Active subspace - Surrogate modeling

1 Introduction

Additive manufacturing (AM) is the process of joining mate-
rials to make parts from 3D model data, usually layer upon
layer, as opposed to subtractive manufacturing and forma-
tive manufacturing methodologies (International Organiza-
tion for Standardization, American Society for Testing and
Materials 2021; Gibson et al. 2021). It has grown in popu-
larity due to its speed, low labor cost, customization abil-
ity, and ability to make highly complex geometric designs
compared to traditional manufacturing methodologies, such
as milling and injection molding. A variety of materials,
including polymers, metals, and ceramics, are available to
provide the unique attributes needed to satisfy the engineer-
ing requirements of AM parts in aerospace, automotive,
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medical devices, and other industries (Shapiro et al. 2016;
Vasco 2021; Seoane-Viaiio et al. 2021; Murr 2018; Wang
et al. 2024). The American Society for Testing and Materials
classifies AM processes into seven categories: binder jet-
ting, directed energy deposition, material extrusion, material
jetting, powder bed fusion, sheet lamination, and vat pho-
topolymerization (International Organization for Standardi-
zation, American Society for Testing and Materials 2021).
Several additive manufacturing processes are available for
metallic materials, with each process utilizing specific mate-
rial forms: metal sheets for sheet lamination, metal rods or
wires for material extrusion, metal wires for directed energy
deposition, and metal powders for binder jetting and pow-
der bed fusion (Konda Gokuldoss et al. 2017). Powder bed
fusion methods have been applied to a wide range of metallic
materials, such as Fe-based alloys (Wu et al. 2014), Ni-based
alloys (Lu et al. 2015), Ti-based alloys (Gong et al. 2015),
Co-based alloys (Wei et al. 2018), and Cu-based alloys (Lu
et al. 2021). Within the powder bed fusion methods, electron
beam melting and selective laser melting (also known as
laser beam melting) are two common methods to produce
metallic parts where the powder is melted and fused by an
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electron or laser beam. These two processes share the same
fundamental workflow with differences in their operating
environments. In electron beam melting, a heated powder
bed and a vacuum chamber are used. The vacuum guides and
focuses the electron beam. By comparison, selective laser
melting operates with a cold powder bed inside a closed
chamber filled with inert gases, such as N, or Ar, which
prevents oxidation of the metal powder during melting (Fu
and Guo 2014; Konda Gokuldoss et al. 2017).

The selective laser melting process involves over 50
parameters, including laser power, scanning speed, hatch
distance, and overlaps; the electron beam melting process
encompasses even more parameters, such as beam focus,
beam diameter, beam line spacing, plate temperature,
preheating temperature, contour strategy, and scan strat-
egy (Spears and Gold 2016; Konda Gokuldoss et al. 2017).
Improper selection of process parameters can lead to defects
such as high surface roughness, pores and voids, cracks,
delaminations, or distortions, which significantly compro-
mises part quality (Gong et al. 2015; Yan et al. 2017; Bartlett
and Li 2019; Galarraga et al. 2016). For example, higher
scanning speeds increase the length-to-diameter ratio of the
molten pool present in the manufacturing process. When this
ratio exceeds 7z, it causes the balling effect (breaking up of
the molten pool into spherical particles). This phenomenon
degrades the surface integrity of the final components. Scan-
ning speed and cooling rate can also affect the grain size,
which in turn affects the mechanical properties (Corbin et al.
2018; Yadroitsev et al. 2013).

The relationships between process parameters and part
quality involve complex nonlinear correlations that do not
allow for explicit mathematical formulation (Cao et al.
2021). Despite the growing adoption of AM technolo-
gies, the field lacks comprehensive guidelines for select-
ing appropriate AM processes based on material require-
ments and desired part properties (Konda Gokuldoss et al.
2017). Process parameter optimization for AM processes
has been extensively studied using design of experiments
(DoE) methods, including factorial design (Gong et al. 2014;
Oyesola et al. 2021), central composite design (Bhardwaj
et al. 2019; Elsayed et al. 2018), and Taguchi methods (Sun
et al. 2013; Gong et al. 2014). These approaches are often
complemented by statistical analysis techniques, such as
regression analysis (Gong et al. 2014, 2015; Shi et al. 2017)
and analysis of variance (ANOVA) (Sun et al. 2013; Elsayed
et al. 2018). These optimization methods are time-con-
suming because they typically require evaluating multiple
parameter combinations. The computational burden grows
exponentially as each additional parameter requires testing
across multiple intervals, either through numerical simula-
tions or physical experiments. To address these limitations,
AM process parameter optimization using surrogate models
has been proposed in literature, with studies incorporating
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Gaussian process modeling (Meng and Zhang 2020; Cao
et al. 2021) and various machine learning approaches (Gai-
kwad et al. 2020).

The uncertainties in AM process parameters propagate
through the manufacturing process, making quantities of
interest, such as the residual stress of the printed part, uncer-
tain as well. Consequently, design for AM processes should
consider uncertainties not only in the process parameters but
also in the quantities related to manufactured part qualities,
such as residual stress. In order to incorporate uncertain-
ties, robust design optimization (Lee and Rahman 2021) and
reliability-based design optimization (Zou and Mahadevan
2006) have been used. The former aims to minimize the
sensitivity of the system performance and typically uses
mean and variance as optimization objectives. It does not
explicitly account for failure probability, which may result
in designs that are consistent but still have unacceptable
failure rates in extreme conditions. A robust design opti-
mization approach has been proposed for process param-
eters in metallic additive manufacturing (Wang et al. 2019).
Their work addresses uncertainties in material properties
and power absorption coefficients. Reliability-based design
optimization manages uncertainty by enforcing the prob-
ability of failure below specified thresholds while optimiz-
ing performance objectives. It uses a first- or second-order
reliability method or Monte Carlo simulation to evaluate
failure. A major limitation is the high computational cost,
especially for estimating rare-event probabilities. A tradi-
tional approach is to add safety margins to the results of
deterministic design optimization to compensate for uncer-
tainties. However, this approach is inefficient, as it neither
incorporates uncertainties directly into the design optimiza-
tion process nor optimizes the safety margins themselves,
which can potentially limit performance. Heuristic optimi-
zation methods have also been used in recent studies, such
as whale optimization algorithm in Cao et al. (2021). A
principled way to account for the failure magnitude inte-
grates superquantile (also known as conditional value-at-
risk, CVaR) (Rockafellar and Uryasev 2002) and buffered
probability of failure (BPOF) (Rockafellar and Royset 2010)
into design optimization processes. These alternative risk
measures can be used either as objectives or constraints in
optimization formulations (Chaudhuri et al. 2022) and elimi-
nate the guesswork associated with choosing safety margins.

In this paper, we present a novel approach to risk-based
design optimization under uncertainty for powder bed fusion
metal additive manufacturing (AM), advancing robust and
sustainable process design. Our contributions are both
towards the problem formulation, as well as its solution.
First, in the optimization formulation, we incorporate a
buffered probability of failure (BPOF) constraint, which
penalizes both the frequency and severity of process fail-
ures. This enables simultaneous improvement in energy
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efficiency and process reliability. Second, for the solution,
we develop accurate and efficient surrogate models that lev-
erage high-fidelity thermal-mechanical simulation data to
map complex temperature histories and residual stress fields
into low-dimensional spaces. This facilitates rapid optimiza-
tion of process parameters. Third, we validate the surrogate-
based optimization results through additional high-fidelity
simulations. These validation results confirm that the opti-
mizer reduces energy without compromising the part quality,
demonstrating that our proposed approach advances robust
and sustainable metal additive manufacturing.

The rest of this paper is organized as follows. In Sect. 2,
we present an overview of risk-based design optimization.
In Sect. 3, we introduce the powder bed fusion process, its
thermal and mechanical governing equations, finite element
modeling, residual stress development in manufactured
parts, and mitigation strategies. In Sect. 4, we then present
the design under uncertainty problem in full detail and cover
risk-based measures, surrogate model development, and our
optimization methodology. In Sect. 5, we present and ana-
lyze numerical results. Finally, we summarize our conclu-
sions and suggest directions for future research in Sect. 6.

2 Formulation of risk-based design
optimization for the powder bed fusion
metal additive manufacturing problem

In powder bed fusion, the beam power and scanning speed
have emerged as predominant optimization parameters
across recent studies (Meng and Zhang 2020; Shi et al. 2017,
Cao et al. 2021). We formulate an optimization problem with
the goal to minimize the total energy consumed, which is a
function of the beam power and scanning speed, subject to
a threshold on the BPOF on the maximum residual stress, as
well as a threshold on the maximum temperature, in a part
manufactured by an electron beam melting process.

The manufacturing process is parameterized by two
design variables, four random variables and six parameters.
The two design variables are the scanning speed v € [v;, v]
and beam power P € [P, P;;], which form the design vec-
tor d = [v, P]". The four random variables are the pre-
heating temperature 7, of the machine, the yield strength
Y, elastic modulus E, and bulk density p of the material.
These variables are assumed to be statistically independent
and are collected in the random vector Z = [T, Y, E, olT.
The specific heat C,(7) and thermal conductivity x(T') are
functions of temperatures and are parameterized by coef-
ficients, a; and b;, i = 1,2, 3, respectively, as discussed in
detail in Sects. 3.3 and 5.1. The six coefficients are taken
to be deterministic parameters and are collected in a vector
0 = [a,,a,,a3,b,,b,, b;]", which we do not optimize over.
We formulate the optimization problem as follows:

!

min P-
P, <P<LPy, v
vp vy )
subject to P00 (d, Z;0)) £ 1 — ay,

Tig < Tax(d, Z30) < 1.1 X Ty,

where 1 is the length length of the part (the laser’s total scan-
ning distance), 1/v is the total time that the beam is applied,
is the BPOF, is the desired reliability level, is the maximum
residual stress, is the maximum temperature in the tempera-
ture history, and is the liquidus temperature of the mate-
rial, see Sect. 5.1 for more details and specific values.Next,
we discuss the powder bed fusion application, including its
governing equations to determine o,,,, and T,,,,. Then, in
Sect. 4, we discuss the reliability constraint on o,,,, followed
by the solution to the optimization problem (1).

3 Powder bed fusion application

We introduce the electron beam melting process in Sect. 3.1
and the residual stress that arises in additively manufac-
tured parts in Sect. 3.2. We then discuss the thermal and
mechanical models governing the powder bed fusion pro-
cess in Sects. 3.3 and 3.4. Finally, we present the finite ele-
ment models used to simulate the manufacturing process in
Sect. 3.5.

3.1 Electron beam melting process

In an electron beam melting powder bed fusion process,
a thin layer of powder is deposited over a substrate plate
or previously deposited layers, and then an electron beam
selectively melts and fuses the powder particles according
to the desired part model data. This layer-by-layer process
continues until the complete part is built. When the electron
beam scans across the powder surface, energy transfers from
the top surface to the subsurface. The powder melts when
the temperature reaches the material’s liquidus temperature.
Figure 1 shows the schematic of the electron beam melting
machine and a part being built, including the molten pool,
solidification zone, substrate, and unmelted powder.

3.2 Residual stress and treatment

In the electron beam melting process, rapid heating of the
upper surface combined with slow heat conduction of the
underlying layers creates a steep temperature gradient.
This gradient generates convection currents that affect
material flow, creates surface tension variations in the
molten pool, and induces high internal stresses. Expansion
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Fig.1 Schematic of an electron beam melting machine and the printing process

of the heated layer is restricted by the vicinity area, result-
ing in compressive stress at the surface. Cooling takes
place as the heat source moves away, and the contraction
of the top layer is then restricted by the surrounding area.
This results in tensile residual stress on the top surface.
These tensile residual stresses accumulate across multiple
scan paths, potentially leading to delamination or crack
formation. In addition, the differential cooling and shrink-
age between layers causes the top layers to become shorter
than the bottom layers. This dimensional mismatch creates
a bending moment that distorts the part upward toward the
beam direction (Fu and Guo 2014; Li et al. 2018).

To mitigate residual stress, in situ control and post-
process control methods have been studied. In situ controls
for additive manufacturing includes both mechanical and
thermal methods. Mechanical approaches, such as laser
shock peening and rolling, generate compressive pressure
to counterbalance residual stresses. However, laser shock
peening, while effective, significantly extends printing
time and poses integration challenges with powder bed
fusion systems (Kalentics et al. 2017). Thermal gradient
control methods reduce residual stress by homogenizing
temperature distribution throughout the process. However,
they can cause larger grain sizes and anisotropic micro-
structure, require precise temperature calibration based
on alloy properties, and consume more energy (Everton
et al. 2016; Chia et al. 2022). Post-heat treatment pro-
cesses are widely utilized to restore homogeneous and
stable microstructures, thereby achieving desired mechani-
cal properties (Vilaro et al. 2011). However, prior experi-
ments (Shiomi et al. 2004; Mur et al. 1996) are inconclu-
sive in their optimal treatment temperatures. It is therefore
critical to minimize residual stress during the fabrication
process itself through careful optimization of processing
parameters rather than relying solely on post-processing
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treatments. We discuss the thermal and mechanical models
governing the manufacturing process next.

3.3 Thermal model

The governing equation for the heat transfer analysis in
a powder bed fusion process (Zinoviev et al. 2016) is as
follows:

PG =V ((DVT) + 0, @)

where T(x, y, z, f) is the temperature, p is the constant density
of the material, C,(T) is the specific heat, k(T is the thermal
conductivity, and Q,(x,y, z, ) is the applied heat flux. The
specific heat and thermal conductivity are modeled with
second-degree polynomials as C,(T) =ay+a,T + a,T?
and k(T) = by + b;T + b,T?, respectively. The parameters
are specified in Sect. 5.1. The heat flux due to the electron
beam, Q,, can be modeled in a Gaussian form Fu and Guo
(2014); Vastola et al. (2016):

P 2((x—vt)2+y2)>
exp| ———=

2A
Q. (x,y, 2, 1P, v, r,79) = — 5
Tr=2gy r

1 2
X - —3<i> —25 45/,
5 20 20
(€)]

where P is the beam power, v is the scanning speed, r is the
beam spot radius, z; is the beam penetration depth, and A
is the dimensionless powder absorptivity. The temperature
history during the manufacturing process is used as the input
to the mechanical model, as well as to obtain T;,,, in the
constraint in (1) to ensure that the metal powder melts.
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3.4 Mechanical model

The governing equation for mechanical analysis in a pow-
der bed fusion process (Megahed et al. 2016) is given by

V-o+f=0, “

where o(x,y, z,t) denotes the stress tensor and f(x,y, z,7)
are the internal forces that balance external forces. For the
electron beam melting process, we first perform the thermal
analysis as described above and the resulting temperature
fields at every time instance drive the mechanical analysis
to calculate stresses and strains. We perform mechanical
analysis at every time instance.

The total strain is decomposed into elastic strain, plas-
tic strain, and thermal strain, € = € + €” + €. The elastic
stress o¢ can be related to the elastic strain e° through the
rank-four elasticity tensor C:

¢ = Ce". 5)

The plastic strain €” is modeled by considering an elastic-
perfectly plastic (Zhao et al. 2015) condition in the model.
The thermal strain is calculated from the thermal expansion
constitutive relationship: €’ = a,AT, where «, is the thermal
expansion coefficient. The presence of the thermal strain ten-
sor ensures correct distortion calculation during the melting
stage as well as the thermal shrinkage during the cooling
stage (Megahed et al. 2016).

We choose the von Mises stress as the residual stress
in the AM part. The von Mises stress is a function of the
normal and shear stresses and is used to predict yielding of
materials under complex loading. When the yield stress of
the material is reached in the powder bed fusion process,
plastic distortion occurs and the quality of the manufac-
tured part is compromised.

2'11111

(a) Part geometry and the z¢ — z° plane passing
through the part centroid.

Fig.2 Part geometry and integration points on the x° — z¢ plane

In summary, we use the temperature history from the ther-
mal model to compute the stress and strain in the mechanical
model. The coupling between the two models is therefore
uni-directional, as the mechanical response depends on the
thermal response but not vice versa (Debroy et al. 2017).

3.5 Finite element model

The AM part of interest is shown in Fig. 2. The part’s
length is / = 2 mm, and the width and height are 1.5 mm
and 0.65 mm, respectively. We use Ti—-6Al-4V powder
to manufacture this part. This alloy is commonly used in
the aerospace and bioengineering industries because of its
good mechanical properties, low density, and good corrosion
resistance (Chastand et al. 2018).

We simulate the manufacturing of this part via an electron
beam melting process in Abaqus using both thermal and
mechanical finite element models. In electron beam melting,
fused layers are stacked on top of each other; therefore, the
layer thickness influences the resolution of the build (Can-
sizoglu et al. 2008). Early versions of electron beam melting
process equipment used 100 ym as the standard layer thick-
ness. The current standard layer thickness has been reduced
to 50-70 um (Karlsson et al. 2013). We use layer thickness
of 50 um here. In order to mitigate the computational cost of
the finite element analysis, we only simulate the process of
fusing the last powder layer (50 um thick) to the bulk mate-
rial formed by previous scans (0.6 mm high). We consider
a single scan along the length in the x-direction through the
powder layer on the top.

The inputs to the finite element model include the scan-
ning speed v [mm/s], beam power P [W], preheating tem-
peratures 7, [°C], yield strength Y [MPa], elastic modu-
lus E [GPa], bulk density p [kg/m?®], specific heat Cp [J/
(kg'K)] and thermal conductivity ¥ [W/(m*K)]. Among
these inputs, Cp(T) and x(T) are functions of temperature

(b) Integration points of C3D8R elements on the
x¢ — z° plane. We use the maximum von Mises
stress in this plane at the end of the cooling step
to obtain omax, the residual stress of interest.
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and parameterized by polynomial coefficients, a; and
b;, i =1,2,3, respectively, as discussed in detail in Sect. 5.1.
All values are converted to mm, MPa, and related units
before being input into Abaqus.

We use three-node linear brick-type elements, specifi-
cally, DC3DS (one degree of freedom per node, temperature)
for the thermal model and C3D8R (24 degrees of freedom
per element, x,y, and z displacements) for the mechanical
model. We use a non-uniform mesh, locally refined for the
powder region where the heat flux is applied. We gradually
coarsen the mesh for the rest of the part, which is indicated
by the integration points corresponding to C3D8R ele-
ments intersecting the x° — z¢ plane (the x — z plane passing
through the part centroid) in Fig. 2b. The mesh consists of
13,200 nodes and 10,752 elements in total. At each time
instance, the thermal model has 13,200 degrees of freedom
(DoFs) and the mechanical model has 39,600 DoFs.

In the thermal model, we allow the top surface to
exchange heat with the surrounding through radiation.
We model the radiation using the Stefan—Boltzmann
law, 0 (x,y.z=065mm,1 = oge,(T*x,y,2 = 0.65mm,n - T, Where
o =5.67x 10 W.m=2 .K~* 1s the Stefan—-Boltzmann constant,
€, is the surface emissivity, and 7, is the constant cham-
ber temperature. In the mechanical model, the boundary
surfaces in the x-direction and y-direction are fixed in the
x-coordinates and y-coordinates, respectively. The bottom
surface is considered fixed in all coordinates. The finite ele-
ment models based on the governing equations have been
compared with experimental data in Vastola et al. (2016);
Vohra et al. (2020).

There are four steps in the Abaqus models, namely lay-
ing powder, preheating, moving heat, and cooling. We simu-
late the process of laying the new powder on bulk material
by activating the initially deactivated elements represent-
ing the powder layer. For our optimization problem (1), we

extract T,,,,, from the temperature history in step 3 (moving
heat) and o, from the residual stress at the end of step 4
(cooling).

4 Solution to the risk-based design
optimization problem

In this section, we present an efficient solution of the optimi-
zation problem formulated in Sect. 2. It is computationally
prohibitive to obtain temperature history and residual stress
for solving the design problem (1) using the high-fidelity
finite element models described in Sects. 3.3 to 3.5, as the
optimization process requires repeated model evaluations.
To address this computational challenge, we construct sur-
rogate models with training data obtained from the high-
fidelity finite element models and solve the design optimiza-
tion problem with surrogate models.
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In Sect. 4.1, we introduce the risk measure, buffered prob-
ability of failure, used as a constraint in the design problem.
Then, we discuss the surrogate modeling techniques for both
thermal and mechanical finite element models in Sect. 4.2.
In Sect. 4.3, we detail the solution of the design optimization
problem with the integration of BPOF and surrogate models.

4.1 Buffered probability of failure (BPOF)

For an engineering system to be designed under uncertainty,
we separate the inputs to the system into design variables
d € D C R, random variables Z € Q, and parameters
0 € © C RV, Here, D is the design space, Q is the space of
random variables, © is the parameter space, and R represents
the real numbers. A realization of Z is denoted by z € R™-.

We first introduce concepts related to buffered probability
of failure, including probability of failure and superquantile.
The failure of an engineering system can be described by the
condition g(d, Z;0) > 7, where g : DX QX 0O — R is the
limit state function and = € R is the failure threshold. For
a system under uncertainty, g(d, Z;0) is a random variable
given a particular design d and parameter 0. The probability
of failure is defined as

p-(8(d, Z:0)) :=P[g(d, Z:0) > 7]. (6)

The POF is a measure of the set {g(d, Z;0) > t}, thus it does
not include information about the magnitude of failure.

The a-quantile, Q,, also known as the value-at-risk at
level a, of the random variable g(d, Z;0) can be expressed
as follows:

0,18(d,Z;0)] := Fyy 1.0 (@), )

—1
where Fg( 4.2:6)

Given a target reliability a;, the corresponding target prob-
ability of failure is 1 — a;, thus, POF and Qar are related by

(+) is the inverse cumulative density function.

0,,[8d,Z:0)] < &
0,,[8d.Z:0)] =7 &
QaT[g(‘L Z79)] > T <

p(8(d,Z:0)) <1 —ay,
p(8(d,Z;:0)) =1 — ay,
p.(8(d,Z:0)) > 1 — ar,

®)
as shown in Fig. 3.

The a-superquantile, Qa, also know as conditional value-
at-risk at level a, is defined based on the a-quantile Q ,:

0,18(d, Z;0)] := 0,lg(d, Z;0)]

1
+ ——E|[s(@.2:6) - 0,15, z:0)]" .

®

where [c¢]* := max{0, c}. The conditional value-at-risk is a
tail expectation, i.e., an average over the portion exceeding
the failure threshold. It is the sum of the a-quantile and a
non-negative term and is thus conservative compared to the
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Fig. 3 Relationship between the probability of failure (shaded area under the pdf curve) and a-quantile

a-quantile. By definition, Q,[g(d, Z;0)] = E[g(d, Z;0)] and
0,lg(d, Z;0)] is the essential supremum of g(d, Z;0).

The buffered probability of failure is an alternative meas-
ure of reliability/risk that adds a buffer to the POF. The
BPOF is defined based on the superquantile as

p.(8(d, Z;0))

{1-a]|Q,lgWd, Z;:0)] =}, if Qylg(d, Z;0)] < T < 0,[g(d, Z;0)],

realizations of g(d, Z;0) beyond 7 are large (corresponding
to potentially catastrophic failures), { has to be smaller to
drive the expectation beyond ¢ to 7 thus making BPOF big-
ger. Since the {-tail is on average equal to 7, when there are
a large number of near-failure events, the near-failure region

(10)

=10, if r > Q,[¢(d, Z:0)],
1, otherwise.
Note that by definition,

Plg(d, Z:0) > Q,[g(d. Z;0)]] = 1 — a, thus the first condi-
tion in (10) is

P-(8(d,Z:0)) = Pg(d, Z:0) > Q,¢(d, Z;0)]], (11)

where a satisfies Qa[g(d,Z;O)] = 7. The BPOF can be
viewed as the probability of exceeding a quantile given the
target reliability level a. Alternatively, the BPOF can be
written in the form of an expectation as

E[lg(d, Z:0) — {1*]
T—¢

where { is an auxiliary variable, and the opti-
mum ¢* is the threshold from (11) that provides
Elg(d, Z;0)|g(d, Z;0) > {*] = . This form of BPOF assumes
that Q[g(d, Z;0)] < = < Q,[g(d, Z;0)] and g(d, Z;0) is inte-
grable. The BPOF in (11) can be further split into a sum of
a non-negative term and POF as

; 12)

P-(g(d, Z;0)) = min
i<t

P:(8(4,2:0)) = P[¢(d, Z;0) € [Q,lg(d, Z:0)], 7]] + P[g(d, Z:6) > 7]

=P[g(d,Z;0) € [{. 7] + p.(5(d., Z;0)),

13)

where ¢ =0Q,[g(d,Z;0)] depends on « through the
superquantile.

Note that the probability of failure is an intuitive risk
measure as it simply measures the failure frequency. By
comparison, the buffered probability of failure accounts for
both the frequency and magnitude of failure through the
first term in (13). The conservativeness of BPOF stems from
the selection of the threshold ¢ < 7 based on data. When

[£, 7]is determined by the frequency and magnitude of tail
events around 7. This can be intuitively viewed as a buffer
to the POF as shown in Fig. 4.

We further note that the probability of failure p,(g(d, Z;0)),
defined in (6), measures the failure set but is not necessarily
convex in the design variables d. In contrast, the superquan-
tile Q,, [g(d, Z;0)], defined in (9), is convex ind when g(d, Z;0)
is convex in d, since [-]* is a convex function. Similarly, the
BPOF p,(g(d, Z;0)), defined in (12), forms a convex optimiza-
tion problem. Unlike traditional reliability-based design opti-
mization problems, where convexity is not preserved due to the
non-convex nature of the probability of failure, incorporating
BPOF as a constraint maintains convexity with respect to d.
This convexity ensures convergence to a global optimal design
when using standard, efficient optimization algorithms. Moreo-
ver, when the probability of failure is non-differentiable with
respect to d, estimating POF gradients can be ill-conditioned,

A
Z Br =Plg(d, 2;6) € [, 71+ pr= 1o
5
o)
é;
-
g
£
[al)
9(d, Z;0)

Fig.4 BPOF p, illustration at threshold 7: BPOF equals POF plus the
buffer
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posing challenges for gradient-based optimizers that depend on
accurate gradient evaluations.

We can use a sampling-based approach, see Algorithm 1,
to estimate the a-quantile Q,, a-superquantile Q,, and
BPOF p_ as Q, and Q, can be viewed as expectations. With
m Monte Carlo samples, the estimation errors decrease at
arate of 1/ \/ﬁ and the estimator variance increases with
larger a values.

Algorithm 1 Sampling-based estimations of Q,, Q,, and p,

active subspace. This strategy achieves effective dimension
reduction for both the inputs and the quantities of interest
(Qols), which enables efficient modeling for the complex
physical phenomena inherent in the additive manufactur-
ing process. Finally, we use surrogate model predictions of
features and SVD components to recover the temperature
histories and residual stress, which are used in the optimiza-
tion formulation.

Input m ii.d. samples zq,..
level « € (0,1).

., Zm of random variable Z; design variable d; parameters 6; risk

Output Sample approximations @a lg(d, Z;0)], @a[g(d, Z:0)], and p,(g(d, Z;0)).

1: Evaluate limit state function at the samples to get g(d, z1;0),...

,9(d, 21,3 0).

2: Sort values of limit state function in descending order and relabel the samples so that

g(dvzl;e) > g(d7z270) > > g(d7zm50)

¢ =t i 9(d 250).
10: end while
11: Estimate BPOF as p,(g(d, Z;0)) =~ &1 7 ~

m

3: @a[g(d, Z;0)] + g(d, zx,;0), where k, = m(1 — «).
4: Estimate Q[g(d, Z; 0)] using (9).

5: ¢ = g(d, 21;0).

6: k=1. =N

7. while ¢ > Q,[g(d, Z;0)] do

8: k<« k+1.

9:

4.2 Surrogate modeling techniques

We use surrogate models to approximate the FEM solutions
and accelerate the optimization. Here, we discuss the surro-
gate modeling techniques for both the thermal and mechani-
cal models.

The temperature history in additive manufacturing pro-
cesses exhibits strong temporal correlation, while residual
stress exhibits spatial correlation in the printed part. We use
an efficient approach to transform these correlated high-
dimensional outputs into an uncorrelated feature space,
which enables separate surrogate modeling of features as
discussed below. Specifically, we first map temperature his-
tories and residual stresses to features (see Sect. 4.2.1 for
details) in uncorrelated spaces using singular value decom-
position (SVD). We then identify the active subspaces of
the input variables and construct surrogate models of fea-
tures versus their corresponding active variables in the

@ Springer

4.2.1 Singular value decomposition for feature generation

We model the manufacturing process by the design vec-
tor d, the random vector Z, and the deterministic param-
eters O as discussed in Sect. 2. To obtain training data for
the surrogate models, we generate M random samples of
both the design variables and random variables. We denote
E=[v,P1T,VY,E, p]" as a random variable and a realization
of 2 as £. We obtain both the thermal and mechanical FEM
outputs corresponding to each sample §;,i = 1,2, ... ,M, and
reshape the FEM outputs corresponding to each sample as a
row vector of length N. We then assemble these vectors into
amatrix F € RMV,

The singular value decomposition of F & RMV ig
F=UZV = ,T:I(M’M oy, where UeRYM and
V € RV are unitary matrices that have the left singular
vectors u, and right singular vector v, as columns, respec-
tively. The diagonal matrix £ € RV contains singular
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values 6,,0,, ... 10y D= min{M, N} which are ordered by
magnitude, oy 2 0, > ... 20, 2 0.

The best approximation in the least-squares sense of the
data matrix F can be obtained by F = UkaV;c, where U, is
a matrix containing the first k left singular vector, X, is the
first k singular values organized in a k X k diagonal matrix,
and V, is a matrix containing the first k right singular vec-
tors. We denote the product of the matrices U, and X, as
follows:

F=1U,Z, € RM, (14)

which induces a factorization of F. Due to the orthonormal-
ity of V in the SVD, F has the following properties: (a)
each row JF; . can be viewed as a k-dimensional coordinate
on the orthonormal basis [v, V5, ..., v,] =: V[:,1 : k]. Any
two components in the coordinate, .’Fix,-, and F; ,, j # m, are
uncorrelated. We refer to 7, ;, the coordinate component in
F; .that is indexed by j, as a realization of feature j. (b) The
mapping between F and F is exact with the knowledge of

V.
F=FV,. (15)

When k = N, this becomes F = FV'.

In summary, the original data in F can be approximated
with k features, F. |, F. 5, ..., F., in F and the first & right
singular vectors of F. These features, corresponding to the
first k left singular vectors and singular values, are uncor-
related. When k is smaller than N, dimension reduction is
achieved.

4.2.2 Active subspace discovery and active variable
calculation

An active subspace is a low-dimensional subspace that con-
sists of important directions in a model’s input space (Con-
stantine 2015). Most of the variability in the output due to
the uncertain inputs is captured along these important direc-
tions. In the design optimization problem, we are interested
in discovering the active subspace related to the features
corresponding to the thermal and mechanical model outputs.
Every feature column . ; can be treated as a scalar-valued
function of the input &, F. ;(§). An active subspace is thus
a low-dimensional subspace in the input domain that effec-
tively captures the variability in F. ; due to variations in &.
The directions constituting the active subspace are
the dominant eigenvectors of the covariance matrix

C= [, (VF. ;) (V=F.,) n(&)dE, where z() is the joint
probability density function of Z. The eigenvalue decom-
position of the matrix C is given by C = WAW'. Since C is
real, symmetric and positive semidefinite, its eigenvalues are

non-negative real values and its eigenvectors are orthogonal.

Thus, the eigenvector matrix and eigenvalue matrix can be
partitioned about the rth eigenvalue such that there is a sig-
nificant drop in magnitude, i.e., 4,/4,; > las

A
W= [W, W, A=[ lAz]. (16)

The columns of W, = [w,, W,, ..., w,] span the dominant
eigenspace of C and the active subspace and the correspond-
ing active variable is calculated as n = W’1§ € R’". When r
is smaller than the dimension of =, dimension reduction is
achieved.

We use the trained surrogate models to estimate feature
values for unseen model inputs, including design variables,
random variables, and system parameters. We then use the
right singular vector matrix V of the SVD to obtain the
temperature history and residual stress estimations corre-
sponding to the unseen input using (15). These estimations
are used in the optimization problem (1). We only compute
surrogate models for K- features of the temperature history
and K features of the residual stress. We discuss the details
of surrogate model constructions in Sects. 4.2.3 and 4.2.4.

4.2.3 Surrogate model for temperature history

In the optimization setup (1), the constraint on temperature
history ensures the powder properly melts. Since we model
a single scan along the length at the top surface of the part
as discussed in Sect. 3, we choose to record the temperature
history at the centroid of the top surface of the part. The total
scan time t,.,, = [/v varies between simulations with different
scanning speeds.

Since the beam moves at constant velocity, the temperature
is expected to peak at approximately 0.5 - ¢.,,. We take tem-
perature measurements at selected non-uniform time instances
within [0, 7., ] according to the following distribution: (a) ten
uniformly spaced measurements, 7, T, ..., T}, in the inter-

val [0, 0.405 - £, ]; (b) ten uniformly spaced measurements,
T\, Ty, ..., Ty, in the interval [0.45 - £ ,,.0.54 - ¢, ]; and
(c) eleven uniformly spaced measurements, 75, Ty, ..., I3,

in the interval [0.55 - 7, ,,, f,..n]- NOte that we use an increased
sampling density within[0.45 - ¢ ,,,0.54 - t,.,,]to ensure pre-
cise capture of the maximum temperature at the center of the
part’s top surface.

With M simulations, we compile a snapshot matrix
T € RM<3! Each row in the snapshot matrix, T; ., contains the
temperatures at thirty-one time instances [T, T,, ..., T5;] of
simulation i, where i = 1,2, ..., M. We apply an SVD and
active subspace discovery, as detailed in Sects. 4.2.1 and 4.2.2,
to extract features 7" and corresponding active variables 1.
We select the most significant K features to construct surro-

gate models GT;J('Y(;'T)) & IJ((d,Z;O)) for j=1,2,...,K;.
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We choose K based on prediction error on the training data,
see Sect. 5.2.1 for a detailed discussion.

4.2.4 Surrogate model for residual stress

We measure the residual stress on the non-uniform grid com-
prising 32 points along the length and 14 points along the
height on the x° — z° plane, as shown in Fig. 2b. We use the
maximum von Mises stress measured at the end of the cooling
step in this plane as the residual stress of interest.

Each simulation generates a comprehensive stress field
o € R3¥4 for the x¢ — z° plane. For a set of M simulations,
we vectorize the stress fields and consolidate them into a
matrix S € RM*448 We then apply an SVD and active sub-
space discovery, as discussed in Sects. 4.2.1 and 4.2.2, to
obtain features S and corresponding active variables 7). We
select the most influential K¢ features to construct surrogate
models Gs:_j(ngs)) ~ 8. ((d,Z:0))for j = 1,2, ..., K. Similar
to the thermal case discussed above, we choose Kz based on
prediction error on the training data, see Sect. 5.2.2 for a
detailed discussion.

4.3 Optimization problem solution

We follow a two-phase process to solve the design optimi-
zation under uncertainty problem. In phase 1, we construct

uncorrelated surrogate models by performing singular value
decompositions on the Qols and active subspace discoveries
on their corresponding inputs. In phase 2, we run the optimiza-
tion iterations, where we use the trained surrogate models in
phase 1 to expedite the computation. This two-phase process
is, in principle, generalizable to many other design optimiza-
tion under uncertainty problems, with modifications to param-
eters of the surrogate model on a case-by-case basis.

We reformulate the original optimization problem (1) as
a problem with an expectation in the constraint on residual
stress:

min P !
P, <P<Py, v
vp S v =<y,
<z a17)
E|lomx(d, Z:60) — {1F
subject to [ 7 ] <1-ay
-

Tiq < Tax(d, Z30) < 1.1 X Ty,

where ¢ is an auxiliary variable and 7 is the failure threshold
related to the reliability level « as discussed in Sect. 4.1. We
solve the optimization problem (17) by following the steps
outlined in Algorithms 2.1 and 2.2, where we also include
additional details on the surrogate models of the temperature
history and residual stress.

Algorithm 2.1 Solution to the risk-based design optimization (17)

Phase 1 - Surrogate model constructions

1: Generate M samples of d, d;, ..

e}

Perform an SVD T = UpX1 V7.
Select K features, 7.1, T.2,..., T. ik r-
for jvr =1,2,..., Ky do

3

end for

9: Perform an SVD S = UgXgVyg.

10: Select K features, S.1,S.2,...,8. Kks-
11: fOI‘js =12,...,Ks do

%

., daq, and realizations of Z, zq,.
Perform FEM simulations using [E;; BT]T,z’ =1,2,..., M, as inputs and obtain the temperature
snapshot matrix T and residual stress matrix S.

Construct surrogate model CA?T:’].T with training data set {(WT &, 75,]&)}

.., Zam; denote &, = [d], 2] 7.

Perform an active subspace discovery to find the matrix W ;).

M

1) i=1

12:  Perform an active subspace discovery to find the matrix W jq).

N M
13:  Construct surrogate model G, ; = with training data set {(WlT(jS) &, Si,js)}

14: end for

i=1
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Algorithm 2.2 Solution to the risk-based design optimization (17)

Phase 2 - Optimization iterations

15: Initialize: Set d = d{%}, ; = 1.
16: while not converged do

17:  Generate N samples of Z, z1,29,...,2Mm.
18: fork=1,2,...,N do
19: for j+ =1,2,..., Ky do
20: Calculate active variable ;) = WlT(jT) - &y, where &, =[d7,z]]7.
21: Calculate feature value GA'T:J(T]k.(jT)).
22: end for R R
23: Estimate temperature snapshot Ty, . € R1*31 (the k-th row of matrix T) as
< A A A T
Tk7; = [GT:,UGT;,U ey GT,KT} ~VT [:, 1: KT] .
24: Find the maximum temperature Tk,max = max{’i‘j7:}.
25: for js=1,2,...,Ks do
26: Calculate active variable n;, ;i) = W;'—(js) &
27: Calculate feature value GS;,1 (Mi(js))-
28: end for X R
29: Estimate residual stress Sy . € R1*448_ (the j-th row of matrix S) as
Sk =[Gs.,,Gs v Gs o] Vs[1: Ks]' . (18)
30: Find the maximum residual stress 6y max = max{sk,,:}.
N
. A 1 .
31:  Estimate Thax aS Tmax = % ; Tk, max-

32: end for

33:  Use the estimated Tmax and k realizations of Gmax in (17) in an optimization solver for di,

3¢:  d—dl i i4+1.
35: end while
36: Return: Set solution d* = dt}.

5 Numerical results

We present the numerical results in this section. In Sect. 5.1,
we outline the numerical setup for implementing the finite
element simulations. We show surrogate model details and
optimization results in Sect. 5.2 and Sect. 5.3, respectively.
Finally, we validate the optimized results in Sect. 5.4 and
compare them with those of a more traditional reliability-
based design optimization formulation in Sect. 5.5.

5.1 Simulation setup

The set of process parameters includes scanning speed (v),
beam power (P), and preheating temperature (7). Mechani-
cal properties include yield strength (Y), elastic modulus
(E), and bulk density (p). Thermal properties include

specific heat (C,) and bulk thermal conductivity (k). As
discussed in Sect. 2, d = [v, P]" contains the design vari-
ables and Z = [7,, Y, E, p]T is the vector of random vari-
ables. The upper and lower bounds of the design variables
are v; = 100 mm/s, v, = 1,000 mm/s, P, =20 W, and
Py, =200 W. The bounds on the random variables are listed
in Table 1. We use uniform distributions for all random vari-
ables. We choose the distribution type and supports based on
(Vohra et al. (2020), Sect. 4.1). The parameter vector 8 € R®
consists of six coefficients, @; and b;, i = 1,2, 3, for calculat-
ing the specific heat C,(T) = ay + a,T + a,T? and the ther-
mal conductivity k(T) = by + b, T + b,T?, respectively. We
determine the six coefficients using data from Fu and Guo
(2014) and their values are as follows: a; = 540 J/(kg'K),
a, = 0.43J/(kgK?), a, = =3.2 X 1073 J/(kg:K?), by = 7.2 W/
(m'K), b, = 0.011 W/(m-K?), and b, = 1.4 x 107° W/(m-K?).
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Table 1 Uniform random variables used in the additive manufactur-
ing example

Random variable Lower bound Upper bound
T, [°C] 585 715

Y [MPa] 742.5 907.5

E [GPa] 100 120

p [kg/m3] 3870 4730

The constant chamber temperature is 7, = 650 °C in the ther-
mal model.

As discussed in Sect. 3.5, the finite element simulations
use Ti—-6Al-4V powder and it is characterized by the follow-
ing properties (Welsch et al. 1993). The bulk density is
4,428kg/m?3, powder density is 2,700kg/m?>, solidus tem-
perature is 1,605°C, liquidus temperature is Tliq = 1,650°C,

elastic modulus is £ = 110 GPa, Poisson’s ratio is 0.41, yield
strength is ¥ = 825 MPa, surface emissivity is e, = 0.35,
powder absorptivity is A = 0.203, and the thermal expansion
coefficient is a, = 1 x 107, The latent heat of fusion is
365,000J /kg, which represents the energy required to transi-
tion from solid to liquid phase without a change in tempera-
ture. To simplify calculation, we use a constant density value
p = 4,300 kg/m?, the volume-averaged density of powder
and bulk alloy. We use a total of 120 training samples
(M = 120 1in Algorithm 2.1) of (d, Z), generated using opti-
mal symmetric Latin hypercube sampling in the space
D x Q, to train the surrogate models GT;J("(I'T)) and G S;J("(is))

T T T T
107 |- n o |
.\u— errr(2) = 4.53% < 5% 10
= , Ky =2 = errs(5) = 10.37% =~ 10%
g 10771 . Z”/ Ks=5
¢ ¢ J, errs(6) = 9.28%
-1 |
1073 | | 10 .\.\.""‘H
| | | | | | | | | |
2 4 6 8 10 2 4 6 8 10
Number of singular value-singular vector pairs, k k

(a) Temperature snapshots.

(b) Residual stress.

Fig.5 The mean relative error between (a) temperature snapshots or (b) residual stress and their corresponding approximations using & singular
value—singular vector pairs. We choose (a) K or (b) K features for which we build surrogate models based on the error
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—0.4 |- o® ~;o'\ ‘ —
. s
% ~ ~.
LR WS
—0.6 |- () s i
T8
T 08| e AN )
= e
o ,~':\.\.
71 - ~
° 120 samples o 3\"\
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(a) Feature 1.

Fig.6 Surrogate models for the two features of the temperature data
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Table 2 Surrogate models for features 1 to 5 of residual stress, Gs:_l
0 G

Surrogate  Number of ~ Polynomial type R? value
active vari-
ables
G 5 1 Parabola 0.9665
0l
G < 2 Fifth-degree polynomial surface 0.9074
12
G S 2 Fifth-degree polynomial surface 0.8869
G < 3 Sixth-degree polynomial surface 0.8118
n4
G < 2 Fifth-degree polynomial surface 0.8493
1.5

5.2 Surrogate models
5.2.1 Temperature snapshot surrogate model

We perform an SVD on T € R'?%3! and obtain a total of
31 features, ’Z;, j=1,2,...,31, as discussed in Sect. 4.2.3.
We use an error metric erry to decide the optimal number of
features, K. The error metric is defined as follows:

1 & IT. =T, B,

errp(k) = i 2

(19)
i=1 ”Ti,: ”2

It is an averaged relative error between the actual tem-
perature snapshot matrix, T, ., and its approximation, Ti!: (k).
Note that we estimate Ti,: (k) using the k singular value-sin-
gular vector pairs. We calculate the average error with M
= 120 training samples. We plot erry (k) versus k in Fig. Sa.

—0.5 |-

S
&

° ro;'
e
ae’e
o 120 samples oo ¢
- - - Surrogate, R? = 0.9665 N

\
A

|
—0.5 0
MN(g)

-1.5 -1 0.5 1 1.5

(a) Feature 1.

Fig.7 Surrogate models for the first two features of the residual stress data

It can be seen that the top two features yield an error of less
than 5%; therefore, we choose K = 2.

The surrogate models for the top two features are trained
with M=120 samples as described in Algorithm 2.1. The
accuracy of the surrogate model is evaluated using the coef-
ficient of determination, R?> = 1 — SS,,./SS,,,, where SS..,
is the residual sum of squares and SS,; is the total sum of
squares. The R? score measures the proportion of variance
in the model output, and an R? value close to one indicates a
high accuracy. We use a linear regression model as the form
as surrogate model for feature 1 and a parabolic function for
feature 2. Both features incorporate only one active variable,
achieving R? values exceeding 0.9, as seen in Fig. 6.

5.2.2 Residual stress surrogate model

We perform an SVD on S € R!?%448 and obtain a total of
120 features, Sj, j=1,2,...,120, as discussed in Sect. 4.2.4.
Similar to the thermal case, we use an error metric errg to
select the optimal number of features, K. The error metric
is defined as follows:

SIS =S Bl

20
2S00 0

errg(k) = ﬁ

It is an averaged relative error between the actual tem-
perature snapshot matrix, S, ., and its approximation, SL: (k).
Similar to the thermal case, we estimate Si’: using the k sin-
gular value—singular vector pairs and calculate the average
error with M = 120 training samples.

We plot errg versus k in Fig. 5b. We observe that errg
decays slower compared to erry, which can be attributed

e 120 samples
R?=0.9074

2000

0

—2000

—4000

—6000

—8000

(b) Feature 2.
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Table 3 Optimization results of

c A . Case Initial Designs Optimization Results
different initial designs
qato E[J] Algorithm d* E*[]] ¢* [MPa]
v [mm/s] P [W] v* [mm/s] P*[W]
1 500 160 0.64 SLSQP 465.4 91.0 0.391 717.3
COBYLA 614.5 115.8 0.377 743.8
2 400 100 0.50 SLSQP 373.0 75.5 0.405 699.1
COBYLA 417.3 83.0 0.398 709.5
3 400 125 0.625 SLSQP 374.8 75.8 0.404 699.7
COBYLA 543.9 104.1 0.383 728.8
4 600 100 0.33 SLSQP 539.5 103.4 0.383 728.3
COBYLA 637.4 119.6 0.375 750.3

All solutions converge to an energy consumption of approximately 0.4 J

to the stress calculation’s inherent complexity. The stress
is derived from the mechanical finite element model using
the thermal model’s output, as discussed in Sect. 3.4. The
one-way thermal-mechanical coupling introduces additional
computational intricacies. To achieve errg < 5%, we need
Kg > 5, i.e., the number of features for surrogate modeling
becomes prohibitively large. The later features also prove
challenging to model accurately, for example, for feature 6,
the coefficient of determination R*> = 0.3433 with a sixth-
degree polynomial surface using two active variables. In
addition, the value of errg only decreases from 10.37% to
9.28% when k increases from 5 to 6. Therefore, we choose
Ks=>5.

We construct surrogate models for the top five features
of the residual stress field. We build a parabola surrogate
model with one active variable for feature 1 and its R? value
is greater than 0.96. Feature 2 uses two active variables, its
R? value is greater than 0.90 with a fifth-degree polynomial
surrogate model. We show the surrogate models for these
two features in Fig. 7. We list the number of active variables
used, polynomial type and R? value of the surrogate model
for each feature in Table 2.

T T T
200 | f---mmmmmmmm e
= 160 [ B
A 1 A 1
RS . el B
X 1
¥ L S Sy S e [
| ' Design space |!
20,L ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, J
| | | || | |
& S S IS NQQQ

Scanning speed, v [mm/s]

Fig.8 Comparison of optimization results with different initial
designs and optimization solvers. Initial design points (circles) and
final optimized solutions from the SLSQP solver (pentagons) and
COBYLA solver (triangles) are displayed within the bounded design

Case Initial design SLSQP COBYLA

1 d® 064J +d*,039J ~d* 0.3817]
2 od®, 050 «d* 040J 4d* 0.40J
3 d® 063J +d*040J ~d* 0.387J
4 od©® 033 ] +d*, 038J 4d* 0.38)J

space (indicated by the dashed box). All optimal [v, P] solutions con-
verge to approximately 0.4 J of consumed energy, independent of the
initial design

Table 4 Validation results with
the high-fidelity FEM model at

two optimal solutions

& 0055 o (Qhos — D50/ C555
[417.3 mm/s, 83.0 W] 768.12 MPa 762.08 MPa 0.79%
[614.5 mmis, 115.8 W] 790.69 MPa 804.89 MPa ~1.80%
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5.3 Optimization results

We perform optimization with multiple initial designs using
both SLSQP and COBYLA solvers in SciPy (Virtanen et al.
2020) v1.1.2. We use the default value (1 x 107%) as the tol-
erance precision of the target function in the stopping crite-
rion for the SLSQP solver; for the COBYLA solver, we take
the default value (1 X 10~*) as the lower bound on the size
of the trust region. We use A= 20000 samples to estimate
expectations in Algorithm 2.2 and set the target reliability
level & = 0.95.

The optimization problem (17) is not globally convex,
therefore, both the SLSQP and COBYLA solvers find a local
optimum given an initial design. We start the optimization
with four different initial designs. For each case, we list the
initial design and the corresponding optimization result in
Table 3 and plot them in Fig. 8. The consumed energy is
calculated using formula E =P -t= P -[/v. In Fig. 8, we
use the same color to mark each case; the initial design
is marked with a circle, the optimal designs obtained by

SLSQP and COBYLA solvers are marked with a pentagon
and a triangle, respectively (Fig. 8).

The initial designs in case 2 and case 3 have the same
scanning speed values but different beam power values. The
SLSQP-optimized designs in both cases converge to nearly
identical values for both parameters. In contrast, cases 2 and
4, which start with the same beam power but different scan-
ning speeds, yield distinctly different optimal designs. This
demonstrates the sensitivity of the optimization process to
initial scanning speed values while suggesting robustness
with respect to initial beam power selection.

In the optimization problem (17), our primary objec-
tive is to minimize energy consumption. The results show
decreased energy consumption at the local optima, despite
obtaining different optimal configurations for scanning
speed and beam power across all cases. The set of process
parameters in the initial design of case 4 yields an energy
consumption of 0.33 J. Although it is smaller than the opti-
mal result of 0.38 J, with this parameter setting, the maxi-
mum temperature in the powder bed in the manufacturing

Table 5 Optimization results

. Case Initial Designs Optimization Results
comparison between BPOF-
constrained formulation and ato E I Constraint d* E*[J] 0,95 [MPa]
POF-constrained formulation
(RBDO) with different initial v[mm/s] P [W] vi[mm/s]  P*[W] Q.05 [MPa]
designs. All optimizations are
performed using the SLSQP 1 500 160 0.64 BPOF 465.4 91.0 0.391 772.8
solver POF 510.7 98.6 0386 7235
2 400 100 0.50 BPOF 373.0 75.5 0.405 750.3
POF 404.8 80.9 0.400  707.0
3 400 125 0.625 BPOF 374.8 75.8 0.404  751.0
POF 407.6 81.3 0.399 707.5
4 600 100 0.33 BPOF 539.5 103.4 0.383 802.9
POF 598.1 113.1 0.378 739.7
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— 160 ! R d©® 0.64J «d*, 0.391J=d* 0.386 J
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Fig.9 Comparison of optimization results with different constraint
options and initial designs. Initial design points (circles) and final
optimized solutions from the BPOF-constrained design (pentagons)

and POF-constrained (squares) are displayed within the bounded
design space (indicated by the dashed box)
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process is T, = 1,556°C < T, = 1,650°C, which does not
satisfy the temperature constraint in (17) and indicates no
powder melting. The T, values corresponding to the opti-
mal parameters obtained with SLSQP and COBYLA solvers
in case 4 are both 1,655°C, which satisfies the temperature
constraint. For all other cases, we see a reduction in the con-
sumed energy from the initial designs to the optimal results.
While different initial designs yield varying optimal results,
all solutions converge to an energy consumption of approxi-
mately 0.4 J. This consistency across different initial designs
shows the robustness of our optimization approach while
providing valuable guidance for selecting appropriate scan-
ning speed and beam power.

5.4 Validation

We validate the optimal designs via their corresponding
risk-based constraints on the maximum residual stress o, .
Specifically, we examine the 0.95-superquantiles of o,,,,, cor-
responding to optimal designs. The optimal auxiliary vari-
able {* can be viewed as the 0.95-quantile of ¢,,,,, related to
its corresponding optimal parameter vector d*, as discussed
in Sect. 4.1. We then can use d*, £*, and samples of the ran-
dom variable Z to estimate the 0.95-superquantile with (9).

Due to computational limitations, we validate two optimiza-
tion results listed in Table 3. For each optimum, we conduct
50 additional FEM simulations and compare the 0.95-super-
quantile from these simulations, Q(F)Eg';", with the 0.95-super-
quantile estimated from 20,000 surrogate model evaluations,
O3, We generate random samples of Z to create realizations
of the vector[d*", ZT;0"]T, which serve as inputs for the FEM

simulations and the surrogate models GS-J(”U’S)) for

Jjs = 1,2,3,4,5. For FEM simulations, we obtain the residual
stress field directly from the output, while for surrogate evalu-
ations, we estimate it using (18). For each optimum d*, with
the samples of o,,,,, and the optimal auxiliary variable {* cor-

responding to d*, we calculate OfS¥ and Q(S]ug'sr using (9) and
present the results in Table 4. Although both validation sets
only use 50 Monte Carlo samples for FEM simulations, which
introduces sampling error, both superquantiles OF£¥' and O34
closely match each other for both optimal results. This sug-
gests that our approach maintains accuracy despite the limited
sampling and confirms that integrating surrogate models into

the optimization process produces reliable outcomes.

5.5 Comparison with reliability-based design
optimization

We compare the optimal designs from both the BPOF-
constrained design formulation (17) and a more traditional

@ Springer

reliability-based design optimization (RBDO) formulation
that uses a probability of failure (POF), e.g.,

min P L
P, <P< Py, v
vp vy @1
subject to P03 (d,Z;0)) < 1 — ay,

Tig < Tax(d,Z:0) < 1.1 X Ty

For the RBDO problem (21), we use the same target reli-
ability level a; = 0.95 as we use for the BPOF-constrained
design formulation (17). We solve it with the same initial
designs, and by the SLSQP solver as discussed above. We
use 20, 000 samples to estimate Q,, per Algorithm 1 to obtain
the failure probability p, in (21) according to (8). We com-
pare the results in Table 5 and plot them in Fig. 9. Using the
same approach for calculating Q(S)“g'g in validation, here, we
generate random samples of Z to create realizations of the
vector [d*T,ZT;071T that serve as inputs to the surrogate
models Gs:j(ﬂ(;s)) for jg=1,2,3,4,5. We use the 20,000
surrogate model predictions to estimate the 0.95-quantile
Qo5 and 0.95-superquantile Q, s per Algorithm 1 and list
them in Table 5 (Fig. 9).

The BPOF-constrained design optimization offers a key
advantage in its conservative approach. It considers the tails
of the distribution of the quantity of interest by accounting
for the magnitude of the failure. This data-informed con-
servativeness is more resilient to severe and catastrophic
failures. A comparison of the consumed energy values and a
comparison of the 0.95-superquantile against the 0.95-quan-
tile reveal slightly higher values for the BPOF-constrained
designs in all four cases, which indicates greater conserva-
tiveness at the same target reliability level. This conserva-
tiveness stems from the BPOF formulation, which accounts
for both the magnitude and frequency of failures. In contrast,
POF-constrained optimization (RBDO) typically relies on
manually applied safety factors or stricter reliability levels
to enhance conservativeness. Such safety factors, however,
can result in overly conservative designs without consider-
ing the distribution of the limit state function, thus lack-
ing sufficient information for informed decision-making.
Conversely, BPOF-constrained designs incorporate more
comprehensive data on the magnitude of failures, embed-
ding conservativeness through a deeper understanding of
the underlying limit state function. The data-informed con-
servativeness of BPOF-constrained designs, driven by the
distribution of performance measures rather than arbitrary
safety factors or stricter reliability levels used in RBDO,
yields more resilient and desirable outcomes.
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6 Conclusion and future work

We formulated and solved a buffered probability of failure-
constrained design optimization under uncertainty problem
for powder bed fusion metal additive manufacturing with
the goal to minimize energy consumption while enhancing
manufacturing quality. We simulated the manufacturing pro-
cess to capture the thermal and mechanical behaviors of the
manufactured part by conducting high-fidelity finite element
analyses. Based on the simulation data, we developed effi-
cient surrogate models using singular value decomposition
and active subspace discovery for temporal and spatial quan-
tities of interest, namely the temperature history and residual
stress field, to reduce computational costs while maintaining
prediction accuracy. Finally, we validated the optimization
results through additional finite element simulations. The
validation results confirm decreased energy consumption
and reduced build failures.

In the future, this work can be refined with an improved
two-way-coupled thermal-mechanical finite element model
and a finer mesh. We furthermore plan to extend the PBOF-
constrained optimization to more complex geometries
by incorporating the printing path into the optimization
formulation.
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