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 A B S T R A C T

Hamiltonian operator inference has been developed in Sharma et al. (2022) to learn structure-
preserving reduced-order models (ROMs) for Hamiltonian systems. The method constructs 
a low-dimensional model using only data and knowledge of the functional form of the 
Hamiltonian. The resulting ROMs preserve the intrinsic structure of the system, ensuring that 
the mechanical and physical properties of the system are maintained. In this work, we extend 
this approach to port-Hamiltonian systems, which generalize Hamiltonian systems by including 
energy dissipation, external input, and output. Based on snapshots of the system’s state and 
output, together with the information about the functional form of the Hamiltonian, reduced 
operators are inferred through optimization and are then used to construct data-driven ROMs. 
To further alleviate the complexity of evaluating nonlinear terms in the ROMs, a hyper-reduction 
method via discrete empirical interpolation is applied. Accordingly, we derive error estimates 
for the ROM approximations of the state and output. Finally, we demonstrate the structure 
preservation, as well as the accuracy of the proposed port-Hamiltonian operator inference 
framework, through numerical experiments on a linear mass–spring-damper problem and a 
nonlinear Toda lattice problem.

1. Introduction

A port-Hamiltonian (pH) system [1] provides a mathematical framework for modeling and controlling a wide range of physical 
systems, with applications in fields such as electrical circuits, thermodynamics, chemical processes, and mechanical engineering [2]. 
Unlike a traditional Hamiltonian system, which describes the evolution of a physical system in time based on energy conservation, 
a pH system incorporates energy dissipation and external inputs and outputs through ports. We consider a finite-dimensional pH 
system of the form 

{.𝐱(𝑡) = (𝐉 − 𝐑)∇𝐱𝐻(𝐱(𝑡)) + 𝐁𝐮(𝑡), (a)
𝐲(𝑡) = 𝐁⊺∇𝐱𝐻(𝐱(𝑡)), (b)

(1)

with 𝐱(0) = 𝐱0, where 𝐱(𝑡) ∈ R𝑛 represents the 𝑛-dimensional state vector; 𝐻(𝐱) is the Hamiltonian function, which is continuously 
differentiable and represents the internal energy of the system; the matrix 𝐉 = −𝐉⊺ ∈ R𝑛×𝑛 is skew-symmetric, describing the 
interconnection of the system’s energy storage elements; the matrix 𝐑 = 𝐑⊺ ∈ R𝑛×𝑛 is symmetric and positive semi-definite, 
characterizing the energy dissipation in the system; 𝐁 ∈ R𝑛×𝑙 is the port matrix, describing the modalities through which energy is 
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imported into or exported from the system; 𝐮(𝑡) ∈ R𝑙 represents the external input vector; and 𝐲(𝑡) ∈ R𝑙 is the system’s output vector. 
Based on the structural properties of 𝐉 and 𝐑, one can conclude that the Hamiltonian function satisfies the dissipation inequality: 
for any 𝑡2 > 𝑡1 ≥ 0, 

𝐻(𝐱(𝑡2)) −𝐻(𝐱(𝑡1)) = ∫

𝑡2

𝑡1
∇𝐱𝐻(𝐱(𝑡))⊺[(𝐉 − 𝐑)∇𝐱𝐻(𝐱(𝑡)) + 𝐁𝐮(𝑡)] d𝑡

≤ ∫

𝑡2

𝑡1
𝐲(𝑡)⊺𝐮(𝑡) d𝑡.

(2)

Given an initial condition, the high-dimensional dynamical system (1) can be simulated using geometric numerical integration 
schemes [3]. However, when the system needs to be solved repeatedly, those high-dimensional numerical simulations become 
computationally expensive. Model order reduction (MOR) can be used to design a surrogate model with fewer degrees of freedom to 
accelerate the simulations. It has been successfully applied to many engineering problems, particularly those governed by differential 
equations. Various techniques have been developed, including the reduced basis (RB) method [4], proper orthogonal decomposition 
(POD) [5], dynamic mode decomposition (DMD) [6,7], operator inference [8,9], and interpolatory model reduction [10,11], among 
others. A common idea of these techniques is to extract characteristic features from either training data or the model equations and 
build a ROM during an offline stage, which can then be used for simulations at a low cost during an online stage. For an overview 
of projection-based MOR for parametric dynamical systems, we refer the reader to [12,13].

For systems with certain structure, such as Lagrangian, Hamiltonian and pH systems, failure to satisfy the structure at the 
ROM level can result in unphysical solutions and unstable behavior [14,15]. For instance, the reduced-order operators for 𝐉
and 𝐑 in (1) may lose their respective skew-symmetry or symmetric semi-positive definiteness properties. To address this issue, 
structure-preserving MOR techniques have been introduced. Similar to other types of MOR, structure-preserving ROMs can 
be constructed either intrusively or non-intrusively. Intrusive methods include the POD-based Galerkin projection method for 
Hamiltonian systems [16–18], POD/2-based Petrov–Galerkin projection method for pH systems [19,20], proper symplectic de-
composition (PSD) [21], a variationally consistent approach for canonical Hamiltonian systems [22], and RB-ROMs for Hamiltonian 
systems [23–26]. Additionally, to efficiently evaluate nonlinear terms in ROMs, the discrete empirical interpolation method (DEIM), 
originally developed in [27,28] for interpolating the nonlinear terms over selected sparse sample points, has been extended in [29] 
to the structure-preserving setting for Hamiltonian ROMs. Unlike classical model reduction approaches that use linear subspaces, the 
authors in [30–32] combine quadratic or nonlinear manifold learning with symplectic auto-encoders to construct an intrusive ROM 
for Hamiltonian systems. Non-intrusive structure-preserving MOR techniques, on the other hand, construct ROMs by using only 
snapshot data and some prior knowledge of the dynamical system. Hence, they are sometimes referred to as ‘glass box’ approaches. 
Recent work includes learning of canonical Hamiltonian ROMs based on operator inference, where the linear part of the Hamiltonian 
gradient is inferred through constrained least-squares solutions [33]. Non-canonical Hamiltonian operator inference ROMs have been 
developed in [34], assuming the entire Hamiltonian function is known and inferring the reduced operator associated with the linear 
differential operator. Gradient-preserving operator inference (GP-OpInf) has been developed for conservative or dissipative systems 
in [35]. A tensor-based operator inference approach has been introduced in [36] to construct a ROM with the Hamiltonian structure 
while capturing parametric dependencies.

To date, data-driven model reduction for nonlinear pH systems remains an open problem. On the other hand, for linear pH 
systems, there have been some works. In [37], the Loewner framework is applied to derive a state-space model using only input–
output time-domain data, and the pH system is then inferred by solving an associated optimization problem. In [38], the pH dynamic 
mode decomposition method is developed to infer linear pH ROMs, in which the reduced-order operators for 𝐉 and 𝐑 are found in 
an iterative way under the assumption that the quadratic Hamiltonian is known.

In this paper, we propose a pH operator inference (pH-OpInf) method to construct ROMs for linear and nonlinear pH systems,
using snapshot data of the state, external input, and output, along with knowledge of the functional form of the Hamiltonian. The main 
contributions of our work include: 

(i) We propose two optimization formulations to learn the structure-preserving reduced-order operators for constructing ROMs 
of pH systems. In particular, the optimization in the first formulation is decoupled into two subtasks in the second formulation 
to facilitate its solution.

(ii) We incorporate hyper-reduction into the structure-preserving ROMs for nonlinear pH systems.
(iii) We derive a priori error estimates for the reduced-order approximations of the inferred structure-preserving ROM for both 

state and output variables.

The remainder of this paper is organized as follows. In Section 2, we review a Galerkin projection-based ROM as the state-of-
the-art intrusive MOR method for reducing the pH system (1), and employ DEIM to ensure efficient simulation of the nonlinear 
ROM. Section 3 proposes the new pH-OpInf method and suggests two optimization problems to find the reduced-order operators. 
In Section 4, we analyze the resulting structure-preserving ROMs and derive a priori error estimates for both state and output 
approximations. The effectiveness of the proposed ROMs is numerically demonstrated through two examples in Section 5. Finally, 
some concluding remarks are drawn in Section 6.
2 
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2. Background on projection-based reduced-order models for the port-Hamiltonian system

The POD method [39] has been widely used in MOR to find a set of reduced basis vectors from snapshot data, which are then 
used to construct the ROM evolution equations. In practice, the basis vectors are often computed using singular value decomposition 
(SVD) on the array of snapshots, and the associated left singular vectors are truncated to form the reduced basis. The truncation error 
provides empirical guidance on choosing the number of reduced basis vectors. By approximating the state variables in the subspace 
spanned by the reduced basis and projecting the original system onto either the same subspace or another low-dimensional space, one 
can construct a Galerkin or Petrov–Galerkin projection-based ROM. This workflow is intrusive, as it requires access to the matrices 
and vectors of the full-order model (FOM) to build the ROM. When applied to Hamiltonian or pH systems, such ROMs may alter 
the structural properties of the FOM and result in inaccurate and unphysical solutions. This limitation motivates the development 
of structure-preserving ROMs, see examples in [16,20,40]. In the following, we focus on Galerkin projection and the design of a 
structure-preserving ROM for the pH system (1).

2.1. Intrusive structure-preserving ROMs

Assume that the snapshot data for the state variables of the pH system (1) is given in matrix form as 
𝐗 ∶=

[

𝐱(𝑡0), 𝐱(𝑡1),… , 𝐱(𝑡𝑠)
]

∈ R𝑛×(𝑠+1), (3)

where 𝐱(𝑡𝑖) is the state vector at the discrete time instances 𝑡𝑖, for 𝑖 = 0, 1,… , 𝑠. For simplicity, we assume the snapshots are uniformly 
distributed, that is, 𝑡𝑖 = 𝑖𝛥𝑡 with a constant 𝛥𝑡 that could be the time step size used in full-order simulations or the interval between 
checkpoints at which solutions are stored periodically. The POD basis matrix is denoted as Φ ∶= [𝜙1, 𝜙2,… , 𝜙𝑟], where 𝜙𝑖 is the 𝑖th 
left singular vector of 𝐗 associated with the singular value 𝜎𝑖, and 𝑟 is the dimension of the POD basis that is less than the rank 
𝑝 of 𝐗. The dimension 𝑟 is typically selected to ensure that the POD basis captures a significant portion of the snapshot energy. 
In particular, given a prescribed tolerance 𝜏, 𝑟 is chosen such that 

∑𝑟
𝑖=1 𝜎

2
𝑖

∑𝑝
𝑖=1 𝜎

2
𝑖
≥ 𝜏.  Note that Φ⊺Φ = 𝐈𝑟. The reduced approximation 

employs the ansatz 𝐱̂(𝑡) = Φ𝐱𝑟(𝑡), where 𝐱𝑟(𝑡) ∈ R𝑟 is the unknown POD coefficient vector.
Replacing 𝐱(𝑡) with the reduced approximation 𝐱̂(𝑡), and applying Galerkin projection to (1), we obtain a low-dimensional ROM 

for the pH system (1), denoted as G-ROM: 
{.𝐱𝑟(𝑡) = Φ⊺(𝐉 − 𝐑)∇𝐱𝐻(Φ𝐱𝑟(𝑡)) +Φ⊺𝐁𝐮(𝑡), (a)

𝐲𝑟(𝑡) = 𝐁⊺∇𝐱𝐻(Φ𝐱𝑟(𝑡)), (b)
(4)

where 𝐲𝑟(𝑡) ∈ R𝑙 is the reduced-order approximation of the output. Let us define the reduced Hamiltonian 𝐻𝑟(𝐱𝑟(𝑡)) ∶= 𝐻(Φ𝐱𝑟(𝑡)), 
then the rate of change of the reduced Hamiltonian during the ROM simulation is

d
d𝑡
𝐻𝑟(𝐱𝑟(𝑡)) = [∇𝐱𝑟𝐻(Φ𝐱𝑟(𝑡))]⊺

d𝐱𝑟(𝑡)
d𝑡

=
[

Φ⊺∇𝐱𝐻(Φ𝐱𝑟(𝑡))
]⊺ [

Φ⊺(𝐉 − 𝐑)∇𝐱𝐻(Φ𝐱𝑟(𝑡)) +Φ⊺𝐁𝐮(𝑡)
]

= [∇𝐱𝐻(Φ𝐱𝑟(𝑡))]⊺ΦΦ⊺𝐉∇𝐱𝐻(Φ𝐱𝑟(𝑡)) − [∇𝐱𝐻(Φ𝐱𝑟(𝑡))]⊺ΦΦ⊺𝐑∇𝐱𝐻(Φ𝐱𝑟(𝑡))
+ [∇𝐱𝐻(Φ𝐱𝑟(𝑡))]⊺ΦΦ⊺𝐁𝐮(𝑡).

Since the matrices ΦΦ⊺𝐉 and ΦΦ⊺𝐑 do not retain the same structural properties as 𝐉 and 𝐑, integrating the equation from 𝑡1 to 𝑡2
shows that 𝐻𝑟(𝐱𝑟(𝑡2))−𝐻𝑟(𝐱𝑟(𝑡1)) is not guaranteed to remain bounded above by the integration of 𝐲𝑟(𝑡)⊺𝐮(𝑡) over [𝑡1, 𝑡2], as indicated 
by the dissipation inequality (2) for the FOM. Typically, the G-ROM is not ensured to be dissipative even when 𝑢 ≡ 𝟎.

To overcome the same issue in MOR for a Hamiltonian system, the PSD method has been introduced in [21], which is specifically 
designed for systems with symplectic structures. Since the pH system (1) is more general, we adopt the method suggested in [16] 
and seek 𝐉𝑟 and 𝐑̃𝑟 such that

Φ⊺𝐉 = 𝐉𝑟Φ⊺ and Φ⊺𝐑 = 𝐑̃𝑟Φ
⊺.

Following a least-squares approximation, one identifies the reduced-order operators as
𝐉𝑟 = Φ⊺𝐉Φ and 𝐑̃𝑟 = Φ⊺𝐑Φ.

Replacing Φ⊺𝐉 and Φ⊺𝐑 in (4) with 𝐉𝑟Φ⊺ and 𝐑̃𝑟Φ
⊺, respectively, defining 𝐁̃𝑟 = Φ⊺𝐁, and noticing that 

∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) = Φ⊺∇𝐱𝐻(Φ𝐱𝑟(𝑡)), (5)

we obtain a structure-preserving Galerkin projection-based ROM (SP-G-ROM) for the pH system (1) as 
{.𝐱𝑟(𝑡) = (𝐉𝑟 − 𝐑̃𝑟)∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) + 𝐁̃𝑟𝐮(𝑡), (a)

𝐲𝑟(𝑡) = 𝐁̃⊺
𝑟∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) (b)

(6)

with the initial condition 
𝐱 (0) = Φ⊺𝐱0. (7)
𝑟

3 



Y. Geng et al. Computer Methods in Applied Mechanics and Engineering 442 (2025) 118042 
Due to the same structure as its full-order counterpart, the time derivative of the reduced Hamiltonian is
d
d𝑡
𝐻𝑟(𝐱𝑟(𝑡)) = [∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡))]⊺

d𝐱𝑟(𝑡)
d𝑡

=
[

∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡))
]⊺ [

(𝐉𝑟 − 𝐑̃𝑟)∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) + 𝐁̃𝑟𝐮(𝑡)
]

≤
[

∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡))
]⊺

𝐁̃𝑟𝐮(𝑡) (as 𝐉𝑟 = −𝐉⊺𝑟 , 𝐑̃𝑟 = 𝐑̃⊺
𝑟 and 𝐑̃𝑟 ≽ 𝟎)

= 𝐲𝑟(𝑡)⊺𝐮(𝑡).

Thus, integrating the equation from 𝑡1 to 𝑡2 yields that 𝐻𝑟(𝐱𝑟(𝑡2)) − 𝐻𝑟(𝐱𝑟(𝑡1)) is bounded by ∫ 𝑡2
𝑡1 𝐲𝑟(𝑡)⊺𝐮(𝑡) d𝑡 from above, therefore, 

the dissipation inequality (2) holds at the reduced-order level.
Since the dimension 𝑟 of the ROM is typically much smaller than 𝑛, simulating the SP-G-ROM is generally more computationally 

efficient than simulating the FOM. However, when ∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) is nonlinear, the overall computational complexity still depends on 
𝑛. Therefore, an additional approximation, termed hyper-reduction, is needed to accelerate the ROM simulation.

2.2. Hyper-reduction of nonlinear Hamiltonian ROMs

The nonlinear Hamiltonian function can be recast as
𝐻(𝐱(𝑡)) = 1

2
𝐱(𝑡)⊺𝐐𝐱(𝑡) +𝑁(𝐱(𝑡)),

where 𝐐 ∈ R𝑛×𝑛 represents the quadratic part and 𝑁(𝐱) captures the remaining non-quadratic terms. After defining 𝐐𝑟 = Φ⊺𝐐Φ

and 𝑁𝑟(𝐱𝑟(𝑡)) = 𝑁(Φ𝐱𝑟(𝑡)), we have the gradient of the reduced Hamiltonian approximation as
∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) = 𝐐𝑟𝐱𝑟(𝑡) + ∇𝐱𝑟𝑁𝑟(𝐱𝑟(𝑡)).

The calculation of ∇𝐱𝑟𝑁𝑟(𝐱𝑟(𝑡)) is expensive for large 𝑛. To reduce the computational cost, we apply the approach developed 
in [29], outlined below, that extends DEIM to such a nonlinear Hamiltonian function. Note that both standard DEIM [28,41] and 
Q-DEIM [41] can be used to select interpolation points. We choose the latter because of its enhanced stability and accuracy. Since 
Q-DEIM is a variant of DEIM, we will continue to use ‘DEIM’ to refer to the hyper-reduction approach and label the associated 
hyper-reduced ROMs.

First, without loss of generality, 𝑁𝑟(𝐱𝑟(𝑡)) can be written as

𝑁𝑟(𝐱𝑟(𝑡)) =
𝑑
∑

𝑖=1
𝑐𝑖ℎ𝑖(Φ𝐱𝑟(𝑡)) = 𝐜⊺𝐡(Φ𝐱𝑟(𝑡)),

where 𝑑 ∈ N, 𝐜 ∈ R𝑑 is a constant vector and 𝐡(⋅) is a vector-valued function. Correspondingly, its gradient is
∇𝐱𝑟𝑁𝑟(𝐱𝑟(𝑡)) = Φ⊺𝐽 ⊺

ℎ (Φ𝐱𝑟(𝑡))𝐜,

in which 𝐽ℎ(⋅) ∈ R𝑑×𝑛 is the Jacobian of 𝐡(⋅). Second, the approach requires forming the nonlinear snapshot matrix
𝑀𝐽 = [𝐽ℎ(ΦΦ⊺𝐱(𝑡0))Φ,… , 𝐽ℎ(ΦΦ⊺𝐱(𝑡𝑠))Φ] ∈ R𝑑×𝑟(𝑠+1),

which is used to determine the basis Ψ ∈ R𝑑×𝑚 and the interpolation matrix 𝐏 ∶= [𝐞℘1
,… , 𝐞℘𝑚

] using DEIM, where 𝐞𝑖 is the 𝑖th unit 
vector of R𝑑 and {℘1,… ,℘𝑚} ⊂ {1,… , 𝑑} are the interpolation indices. Letting P = Ψ(𝐏⊺Ψ)−1𝐏⊺, the nonlinear term 𝑁𝑟(𝐱𝑟(𝑡)) is 
approximated by

𝑁ℎ𝑟 (𝐱𝑟(𝑡)) ∶= 𝐜⊺P𝐡(Φ𝐱𝑟(𝑡)).

Finally, after defining the hyper-reduced Hamiltonian

𝐻ℎ𝑟 (𝐱𝑟(𝑡)) =
1
2
𝐱𝑟(𝑡)⊺𝐐𝑟𝐱𝑟(𝑡) +𝑁ℎ𝑟 (𝐱𝑟(𝑡))

and using the same 𝐉𝑟, 𝐑̃𝑟 and 𝐁̃𝑟 as in (6), we construct another structure-preserving ROM, denoted as the SP-G-DEIM model: 
{.𝐱𝑟(𝑡) = (𝐉𝑟 − 𝐑̃𝑟)∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟(𝑡)) + 𝐁̃𝑟𝐮(𝑡), (a)

𝐲𝑟(𝑡) = 𝐁̃⊺
𝑟∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟(𝑡)), (b)

(8)

where 
∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟(𝑡)) = 𝐐𝑟𝐱𝑟(𝑡) +Φ⊺𝐽 ⊺

ℎ (Φ𝐱𝑟(𝑡))P⊺𝐜, (9)

and we have the same initial condition as in (7). Calculating the rate of change in 𝐻ℎ𝑟 (𝐱𝑟(𝑡)) reveals that the dissipation inequality 
is satisfied at the reduced-order level. Since ∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟(𝑡)) is calculated with the help of interpolation, the ROM’s online simulation 
is faster than the SP-G-ROM. For a detailed computational complexity analysis, see [29].

Notice that for both (6) and (8), in order to generate the reduced-order matrices 𝐉𝑟, 𝐑̃𝑟 and 𝐁̃𝑟, the full-order matrices 𝐉, 
𝐑 and 𝐁 are required, hence they are intrusive approaches. However, in many real-world applications, such FOM information 
may not be readily available. In the next section, we introduce a nonintrusive pH-OpInf approach for constructing data-driven, 
structure-preserving ROMs without requiring access to the 𝐉, 𝐑, and 𝐁 matrices of the FOM.
4 
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3. Data-driven reduced-order models with the port-Hamiltonian operator inference

To learn structure-preserving ROMs, H-OpInf in [33,34] and GP-OpInf in [35] have been introduced for both canonical and 
noncanonical Hamiltonian systems, and more general gradient systems, respectively. Building on these approaches, we derive a 
structure-preserving ROM for the pH system (1), referred to as pH-OpInf-ROM, written in the form 

{.𝐱𝑟(𝑡) = (𝐉𝑟 − 𝐑𝑟)∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) + 𝐁𝑟𝐮(𝑡), (a)
𝐲𝑟(𝑡) = 𝐁⊺

𝑟∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)). (b)
(10)

While the model form is equivalent to (6), the notation is distinct to emphasize that, numerically, the projected matrices in (6) 
and the learned matrices in (10) are generally different. Next, we detail our approach to inferring 𝐉𝑟, 𝐑𝑟 and 𝐁𝑟, assuming that the 
functional form of the Hamiltonian is provided.

3.1. Data reduction

Given snapshot data 𝐗 as in (3), as well as the input and output data 

𝐔 ∶=
[

𝐮(𝑡0),𝐮(𝑡1),… ,𝐮(𝑡𝑠)
]

and 𝐘 ∶=
[

𝐲(𝑡0), 𝐲(𝑡1),… , 𝐲(𝑡𝑠)
]

, (11)

we generate time derivative data by applying a finite difference operator, denoted as 𝑡[⋅], on the state vectors:
.
𝐗 ∶=

[

𝑡[𝐱(𝑡0)],𝑡[𝐱(𝑡1)],… ,𝑡[𝐱(𝑡𝑠)]
]

.

For instance, 𝑡[⋅] can be chosen to be the second-order finite difference operator, satisfying

𝑡[𝐱(𝑡𝑗 )] =
⎧

⎪

⎨

⎪

⎩

(−3𝐱(𝑡0) + 4𝐱(𝑡1) − 𝐱(𝑡2))∕(2𝛥𝑡), 𝑗 = 0,
(𝐱(𝑡𝑗+1) − 𝐱(𝑡𝑗−1))∕(2𝛥𝑡), 𝑗 = 1,… , 𝑠 − 1,
(𝐱(𝑡𝑠−2) − 4𝐱(𝑡𝑠−1) + 3𝐱(𝑡𝑠))∕(2𝛥𝑡), 𝑗 = 𝑠.

We next compute a snapshot matrix for the gradient of the Hamiltonian function

𝐅 ∶=
[

∇𝐱𝐻(𝐱(𝑡0)),∇𝐱𝐻(𝐱(𝑡1)),… ,∇𝐱𝐻(𝐱(𝑡𝑠))
]

.

After finding the POD basis Φ from 𝐗, we project the high-dimensional matrices onto the POD subspace and obtain the projected 
data 

𝐗𝑟 = Φ⊺𝐗,
.
𝐗𝑟 = Φ⊺ .𝐗, and 𝐅𝑟 = Φ⊺𝐅. (12)

This projection is inspired by the state equation (6a) of the SP-G-ROM. Specially, 𝐗𝑟 and 
.
𝐗𝑟 represent the POD coefficient vectors to 

approximate the snapshots and associated time derivatives in the POD subspace, and 𝐅𝑟 provides an approximation of the gradient 
of the Hamiltonian function at the reduced-order level, following the definition of ∇𝐱𝑟𝐻𝑟(𝐱𝑟(𝑡)) in (5).

3.2. Two optimization problems for pH-OpInf

Based on these data generated from (11) and (12), one can infer 𝐉𝑟, 𝐑𝑟 and 𝐁𝑟 for the pH-OpInf-ROM in (10) through optimization. 
An iterative algorithm proposed in [38] recasts the entire coefficient matrix 

[ 𝐉𝑟−𝐑𝑟 𝐁𝑟
−𝐁⊺

𝑟 𝟎

]

 into 𝐽−𝑅, and then learns the skew-symmetric 
matrix 𝐽 and the symmetric and positive semi-definite matrix 𝑅 iteratively. However, using the learned 𝐽 and 𝑅 cannot ensure 
that the (2,2) block in the coefficient matrix is zero with machine precision. Moreover, the iterative algorithm requires a delicate 
initial guess to ensure convergence. In this work, we identify the reduced operators with appropriate structural properties through 
a subsystem-based optimization rather than a monolithic approach.

Next, we propose and analyze two approaches. In both, we first determine 𝐃𝑟, then post process it to obtain 𝐉𝑟 ∶= 1
2 (𝐃𝑟 − 𝐃⊺

𝑟 )
and 𝐑𝑟 ∶= − 1

2 (𝐃𝑟 + 𝐃⊺
𝑟 ) so that we again have 𝐃𝑟 = 𝐉𝑟 − 𝐑𝑟.

pH-OpInf-W. We find 𝐃𝑟 and 𝐁𝑟 simultaneously by minimizing an objective function that incorporates the residuals of the state 
equation (10a) and the output Eq. (10b) at the reduced level. The residuals are balanced using a weighting parameter 𝜆𝑤 > 0 and 
we get 

min
𝐃𝑟∈R𝑟×𝑟 ,𝐁𝑟∈R𝑟×𝑙

1
2
‖

.
𝐗𝑟 − 𝐃𝑟𝐅𝑟 − 𝐁𝑟𝐔‖2𝐹 +

𝜆𝑤
2
‖𝐘⊺ − 𝐅⊺

𝑟𝐁𝑟‖
2
𝐹 ,  s.t. 1

2
(𝐃𝑟 + 𝐃⊺

𝑟 ) ≼ 𝟎. (13)

This optimization has a semi-definite constraint and can be solved by an interior point method [42]. Operator inference implemen-
tations often introduce regularization terms when solving unconstrained optimization problems. In this constrained optimization 
setting, we did not observe any additional numerical improvements in the test cases investigated in Section 5, and therefore did not 
include regularization in our implementation.
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pH-OpInf-R. Since both 𝐘 and 𝐅𝑟 are given, the above optimization can be split into two subtasks: finding 𝐁𝑟 by minimizing 
‖𝐘⊺ − 𝐅⊺

𝑟𝐁𝑟‖
2
𝐹  in the first step, and then determining 𝐃𝑟 by minimizing ‖

.
𝐗𝑟 − 𝐃𝑟𝐅𝑟 − 𝐁𝑟𝐔‖2𝐹  in the second step. This leads to our 

second approach. First, we find 𝐁𝑟 from 

min
𝐁𝑟∈R𝑟×𝑙

1
2
‖𝐘⊺ − 𝐅⊺

𝑟𝐁𝑟‖
2
𝐹 +

𝜆𝑅
2
‖𝐁𝑟‖

2
𝐹 , (14)

where 𝜆𝑅 > 0 is a regularization parameter; second, using the obtained 𝐁𝑟, we optimize 𝐃𝑟 from 

min
𝐃𝑟∈R𝑟×𝑟

1
2
‖

.
𝐗𝑟 − 𝐃𝑟𝐅𝑟 − 𝐁𝑟𝐔‖2𝐹 ,  s.t. 1

2
(𝐃𝑟 + 𝐃⊺

𝑟 ) ≼ 𝟎. (15)

In the first step, (14) is unconstrained, and hence can be easily solved using the least-squares method, and in the second step, (15) 
is again a semi-definite constrained optimization, which can be solved using an interior point method.

3.3. Data-driven pH-OpInf-ROMs

In both optimization problems, since 12 (𝐃𝑟 + 𝐃⊺
𝑟 ) ≼ 𝟎, the inferred matrix 𝐑𝑟 must be positive semi-definite; and 𝐑𝑟 and 𝐉𝑟 are 

symmetric and skew symmetric, respectively, due to their definitions. After substituting them into the ROM (10), we obtain the 
pH-OpInf-ROMs that are structure-preserving. Following the terminology of the optimization formulations, we refer to them as 
pH-OpInf-W and pH-OpInf-R.

Correspondingly, after incorporating the hyper-reduction approach discussed in Section 2.2, we obtain the pH-OpInf-DEIM model: 

{.𝐱𝑟(𝑡) = (𝐉𝑟 − 𝐑𝑟)∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟(𝑡)) + 𝐁𝑟𝐮(𝑡), (a)
𝐲𝑟(𝑡) = 𝐁⊺

𝑟∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟(𝑡)). (b)
(16)

In all the ROMs, the initial condition (7) is employed.

4. Error estimates for port-Hamiltonian operator inference ROMs

The numerical errors of projection-based structure-preserving ROMs have been analyzed for Hamiltonian systems in [16,29,43] 
and for pH systems in [20]. In [35], error estimates for learned Hamiltonian ROMs are provided. In this work, we continue in 
a similar direction and estimate the a priori error of the pH-OpInf-ROM approximation relative to the FOM for both the state 
variable and the output. To this end, we first define the Lipschitz constant and the logarithmic Lipschitz constant of a given mapping 
𝑓 ∶ R𝓁 → R𝓁 as

Lip[𝑓 ] ∶= sup
𝐮≠𝐯

‖𝑓 (𝐮) − 𝑓 (𝐯)‖
‖𝐮 − 𝐯‖

and log−Lip[𝑓 ] ∶= sup
𝐮≠𝐯

⟨𝐮 − 𝐯, 𝑓 (𝐮) − 𝑓 (𝐯)⟩
‖𝐮 − 𝐯‖2

,

where ⟨⋅, ⋅⟩ ∶ R𝓁 ×R𝓁 → R for any positive integer 𝓁 denotes the Euclidean inner product. The logarithmic norm [44] is defined as

𝜇(𝐀) ∶= sup
𝐱≠0

ℜ
(

⟨𝐱,𝐀𝐱⟩
)

⟨𝐱, 𝐱⟩
,

where ℜ(𝜆) gives the real part of a complex number 𝜆. For the state approximation error, we have the following result.

Theorem 1.  Let 𝐱(𝑡) ∈ R𝑛 be the state variable of the FOM (1) on the time interval [0, 𝑇 ] and 𝐱𝑟(𝑡) ∈ R𝑟 be the reduced-order state variable 
of the pH-OpInf-DEIM system (16) on the same interval. Let 𝐃𝑟 = 𝐉𝑟 − 𝐑𝑟 in (16) and suppose that ∇𝐱𝐻(𝐱) and 𝐽ℎ(𝐱) are both Lipschitz 
continuous, then the ROM state approximation error satisfies 

∫ 𝑇
0 ‖𝐱 −Φ𝐱𝑟‖2 d𝑡 ≤ 𝐶(𝑇 )

(

∫

𝑇

0
‖𝐱 −ΦΦ⊺𝐱‖2 d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

+∫

𝑇

0
‖

.𝐱 −𝑡[𝐱]‖2 d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑑𝑎𝑡𝑎 𝑒𝑟𝑟𝑜𝑟

+∫

𝑇

0
‖Φ⊺𝑡[𝐱] − 𝐃𝑟Φ

⊺∇𝐱𝐻(𝐱) − 𝐁𝑟𝐮(𝑡)‖2 d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

+∫

𝑇

0
‖(𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱)Φ‖

2 d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

ℎ𝑦𝑝𝑒𝑟−𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

)

,
(17)

where the constant 𝐶(𝑇 ) = max{1 + 𝐶2
2𝑇𝛼(𝑇 ), 𝐶

2
3𝑇𝛼(𝑇 ), 𝑇 𝛼(𝑇 )} with

𝐶1 = 𝜇
(

Φ𝐃𝑟Φ
⊺𝐐

)

+ ‖𝐃𝑟Φ
⊺
‖Lip[𝐉ℎ] ‖(𝐏⊺Ψ)−1‖ ‖𝐜‖, 𝐶2 = ‖𝐃𝑟Φ

⊺
‖Lip[∇𝐱𝐻], 𝐶3 = ‖𝐃𝑟‖ ‖𝐜‖,

and 𝛼(𝑇 ) = 4 ∫ 𝑇
0 𝑒2𝐶1(𝑇−𝜏) d𝜏. 

Four terms appear in the error bound: the first term ∫ 𝑇
0 ‖𝐱 −ΦΦ⊺𝐱‖2 d𝑡 measures the projection error caused by projecting 𝐱(𝑡)

onto the subspace spanned by the POD basis Φ, which has been analyzed thoroughly in [45,46]; the second one ∫ 𝑇
0 ‖

.𝐱 −𝑡[𝐱]‖2 d𝑡
is the data error caused by generating the time derivative snapshots using a finite difference scheme; the third one ∫ 𝑇

‖Φ⊺ [𝐱] −
0 𝑡

6 
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𝐃𝑟Φ
⊺∇𝐱𝐻(𝐱)−𝐁𝑟𝐮(𝑡)‖2 d𝑡 represents the optimization error, which comprises the model error due to fitting the reduced-order operators 

𝐃𝑟 and 𝐁𝑟 using the projected FOM data, and the numerical error arising from solving the optimization problem by numerical 
algorithms; and the forth one ∫ 𝑇

0 ‖(𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱)Φ‖

2 d𝑡 is the hyper-reduction error caused by the DEIM approximation of the 
nonlinear Jacobian, which is used to accelerate the evaluation of the gradient of reduced Hamiltonian (9). Next, we present the 
proof.

Proof.  Consider the pH-OpInf-DEIM model (16) of a fixed dimension 𝑟, and define its approximate state error by

𝐞𝐱 ∶= 𝐱 −Φ𝐱𝑟,

which can be decomposed as 𝐞𝐱 = 𝝆 + 𝜽 with

𝝆 ∶= 𝐱 −ΦΦ⊺𝐱, 𝜽 ∶= ΦΦ⊺𝐱 −Φ𝐱𝑟.

After defining

𝜻 ∶= .𝐱 −𝑡[𝐱], 𝜼 ∶= Φ⊺𝑡[𝐱] − 𝐃𝑟Φ
⊺∇𝐱𝐻(𝐱) − 𝐁𝑟𝐮(𝑡), 𝝃 ∶= (𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱)Φ,

and using (16a), we have the time derivative of 𝜽
.
𝜽 = ΦΦ⊺.𝐱 −Φ

.𝐱𝑟
=
(

ΦΦ⊺.𝐱 −ΦΦ⊺𝑡[𝐱]
)

+
(

ΦΦ⊺𝑡[𝐱] −Φ𝐃𝑟Φ
⊺∇𝐱𝐻(𝐱) −Φ𝐁𝑟𝐮(𝑡)

)

+
(

Φ𝐃𝑟Φ
⊺∇𝐱𝐻(𝐱) −Φ𝐃𝑟Φ

⊺∇𝐱𝐻(ΦΦ⊺𝐱)
)

+
(

Φ𝐃𝑟Φ
⊺∇𝐱𝐻(ΦΦ⊺𝐱) −Φ𝐃𝑟 [Φ⊺𝐐ΦΦ⊺𝐱 +Φ⊺𝐽 ⊺

ℎ (ΦΦ⊺𝐱)P⊺𝐜]
)

+
(

Φ𝐃𝑟 [Φ⊺𝐐ΦΦ⊺𝐱 +Φ⊺𝐽 ⊺
ℎ (ΦΦ⊺𝐱)P⊺𝐜] −Φ𝐃𝑟 [Φ⊺𝐐Φ𝐱𝑟 +Φ⊺𝐽 ⊺

ℎ (Φ𝐱𝑟)P⊺𝐜]
)

.

(18)

Note that 
d
d𝑡
‖𝜽‖ = 1

2‖𝜽‖
d
d𝑡
‖𝜽‖2 = 1

‖𝜽‖

⟨

𝜽,
.
𝜽
⟩

. (19)

By taking the inner product of Eq.  (18) with 𝜽, the first four terms on the right-hand side are
⟨

𝜽,ΦΦ⊺.𝐱 −ΦΦ⊺𝑡[𝐱]
⟩

=
⟨

𝜽,ΦΦ⊺(.𝐱 −𝑡[𝐱])
⟩

≤ ‖𝜽‖ ‖𝜻‖, (20)

⟨𝜽,ΦΦ⊺𝑡[𝐱] −Φ𝐃𝑟Φ
⊺∇𝐱𝐻(𝐱) −Φ𝐁𝑟𝐮(𝑡)⟩ = ⟨𝜽,Φ𝜼⟩ ≤ ‖𝜽‖ ‖𝜼‖, (21)

⟨

𝜽,Φ𝐃𝑟Φ
⊺ (

∇𝐱𝐻(𝐱) − ∇𝐱𝐻(ΦΦ⊺𝐱)
)⟩

≤ ‖𝜽‖ ‖𝐃𝑟Φ
⊺
‖Lip[∇𝐱𝐻] ‖𝝆‖, (22)

⟨

𝜽,Φ𝐃𝑟Φ
⊺∇𝐱𝐻(ΦΦ⊺𝐱) −Φ𝐃𝑟 [Φ⊺𝐐ΦΦ⊺𝐱 +Φ⊺𝐽 ⊺

ℎ (ΦΦ⊺𝐱)P⊺𝐜]
⟩

≤ ‖𝐃𝑟‖ ‖𝐜‖ ‖𝝃‖ ‖𝜽‖. (23)

For the last term, following [43, Thm. 3.1] and [29, Thm. 3.3], its linear part can be bounded by 

⟨𝜽,Φ𝐃𝑟Φ
⊺ 𝐐(ΦΦ⊺𝐱 −Φ𝐱𝑟)⟩ ≤ 𝜇

(

Φ𝐃𝑟Φ
⊺𝐐

)

‖𝜽‖2 (24)

and the nonlinear part is bounded by 
⟨

𝜽,Φ𝐃𝑟Φ
⊺ (

𝐽 ⊺
ℎ (ΦΦ⊺𝐱) − 𝐽 ⊺

ℎ (Φ𝐱𝑟)
)

P⊺𝐜
⟩

≤ ‖𝐃𝑟Φ
⊺
‖Lip[𝐉ℎ] ‖(𝐏⊺Ψ)−1‖ ‖𝐜‖ ‖𝜽‖2. (25)

Combining (19) with (18) and (20)–(25), we have
d
d𝑡
‖𝜽‖ ≤ 𝐶1‖𝜽‖ + 𝐶2‖𝝆‖ + 𝐶3‖𝝃‖ + ‖𝜻‖ + ‖𝜼‖.

By the classical differential version of Gronwall lemma over the interval [0, 𝑡], for any 𝑡 ∈ [0, 𝑇 ], we get

‖𝜽(𝑡)‖ ≤ ∫

𝑡

0
𝑒𝐶1(𝑡−𝜏)

(

𝐶2‖𝝆‖ + 𝐶3‖𝝃‖ + ‖𝜻‖ + ‖𝜼‖
)

d𝜏,

in which the fact that 𝜽(0) = 𝟎 is used, ensured by the initial condition (7). Applying the Cauchy–Schwarz inequality to the RHS 
and squaring both sides, we have

‖𝜽(𝑡)‖2 ≤ ∫

𝑡

0
𝑒2𝐶1(𝑡−𝜏)d𝜏 ∫

𝑡

0

(

𝐶2‖𝝆‖ + 𝐶3‖𝝃‖ + ‖𝜻‖ + ‖𝜼‖
)2 d𝜏,

≤ 𝛼(𝑇 )
(

𝐶2
2 ∫

𝑇

0
‖𝝆‖2d𝑡 + 𝐶2

3 ∫

𝑇

0
‖𝝃‖2d𝑡 + ∫

𝑇

0

(

‖𝜻‖2 + ‖𝜼‖2
)

d𝑡
)

,

where 𝛼(𝑇 ) = 4 ∫ 𝑇
0 𝑒2𝐶1(𝑡−𝜏) d𝜏. Hence,

𝑇
‖𝜽(𝑡)‖2 d𝑡 ≤ 𝑇𝛼(𝑇 )

(

𝐶2
𝑇
‖𝝆‖2d𝑡 + 𝐶2

𝑇
‖𝝃‖2d𝑡 +

𝑇
(

‖𝜻‖2 + ‖𝜼‖2
)

d𝑡
)

.
∫0 2 ∫0 3 ∫0 ∫0
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This, together with the orthogonality of 𝝆 and 𝜽, yields

∫

𝑇

0
‖𝐞𝑥(𝑡)‖2 d𝑡 ≤

(

1 + 𝐶2
2𝑇𝛼(𝑇 )

)

∫

𝑇

0
‖𝝆‖2d𝑡 + 𝐶2

3𝑇𝛼(𝑇 )∫

𝑇

0
‖𝝃‖2d𝑡 + 𝑇𝛼(𝑇 )∫

𝑇

0

(

‖𝜻‖2 + ‖𝜼‖2
)

d𝑡,

which proves the theorem. □

Consequently, we can show the following estimate for the output approximation error. 

Theorem 2.  Let 𝐲(𝑡) ∈ R𝑚 be the output of the FOM (1) on the time interval [0, 𝑇 ] and 𝐲𝑟(𝑡) ∈ R𝑚 be the output of the pH-OpInf-DEIM 
system (16) on the same interval. Assume that ∇𝐱𝐻(𝐱) and 𝐉ℎ(𝐱) are both Lipschitz continuous, then the output approximation error satisfies 

∫

𝑇

0
‖𝐲 − 𝐲𝑟‖2 d𝑡 ≤ 𝐶

(

∫

𝑇

0
‖𝐱 −Φ𝐱𝑟‖2 d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑠𝑡𝑎𝑡𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

+∫

𝑇

0
‖𝐲 − 𝐁⊺

𝑟Φ
⊺∇𝐱𝐻(𝐱)‖2 d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

+∫

𝑇

0
‖(𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱)Φ‖

2 d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

ℎ𝑦𝑝𝑒𝑟−𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

)

, (26)

where 𝐶 = 4max{1, 𝐶2
4 , 𝐶

2
5 , 𝐶

2
6} with the constants

𝐶4 = ‖𝐁⊺
𝑟Φ

⊺
‖Lip[∇𝐱𝐻], 𝐶5 = ‖𝐁𝑟‖ ‖𝐜‖, and 𝐶6 = ‖𝐁⊺

𝑟Φ
⊺
‖

(

‖𝐐‖ + Lip[𝐽ℎ]‖(𝐏⊺Ψ)−1‖ ‖𝐜‖
)

.

Three terms appear in this error bound: the first term ∫ 𝑇
0 ‖𝐱−Φ𝐱𝑟‖2 d𝑡 represents the state approximation error, which is estimated 

in Theorem  1; the second one ∫ 𝑇
0 ‖𝐲 − 𝐁⊺

𝑟Φ
⊺∇𝐱𝐻(𝐱)‖2 d𝑡 is the optimization error caused by inferring 𝐁𝑟 from the optimization 

problems; and the third one ∫ 𝑇
0 ‖(𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱)Φ‖

2 d𝑡 is the same hyper-reduction error due to the DEIM interpolation of the 
nonlinear Jacobian of the reduced Hamiltonian. Next, we present the proof.

Proof.  Consider the pH-OpInf-DEIM model (16) of a fixed dimension 𝑟, and define its output approximation error by
𝐞𝐲 ∶= 𝐲 − 𝐲𝑟.

By (16b), it can be equivalently rewritten as 
𝐞𝐲 = 𝐲 − 𝐁⊺

𝑟∇𝐱𝑟𝐻ℎ𝑟 (𝐱𝑟)

= 𝐲 − 𝐁𝑟
⊺Φ⊺∇𝐱𝐻(𝐱)

+ 𝐁⊺
𝑟Φ

⊺∇𝐱𝐻(𝐱) − 𝐁⊺
𝑟Φ

⊺∇𝐱𝐻(ΦΦ⊺𝐱)
+ 𝐁⊺

𝑟 [Φ⊺𝐐ΦΦ⊺𝐱 +Φ⊺𝐽 ⊺
ℎ (ΦΦ⊺𝐱)𝐜] − 𝐁⊺

𝑟 [Φ⊺𝐐ΦΦ⊺𝐱 +Φ⊺𝐽 ⊺
ℎ (ΦΦ⊺𝐱)P⊺𝐜]

+ 𝐁⊺
𝑟 [Φ⊺𝐐ΦΦ⊺𝐱 +Φ⊺𝐽 ⊺

ℎ (ΦΦ⊺𝐱)P⊺𝐜] − 𝐁⊺
𝑟 [Φ⊺𝐐Φ𝐱𝑟 +Φ⊺𝐽 ⊺

ℎ (Φ𝐱𝑟)P⊺𝐜].

(27)

Defining

𝝋 ∶= 𝐲 − 𝐁⊺
𝑟Φ

⊺∇𝐱𝐻(𝐱), 𝝆 ∶= 𝐱 −ΦΦ⊺𝐱, 𝝃 ∶= (𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱)Φ, 𝜽 ∶= ΦΦ⊺𝐱 −Φ𝐱𝑟,

we then have
‖𝐞𝐲‖ ≤ ‖𝝋‖ + 𝐶4‖𝝆‖ + 𝐶5‖𝝃‖ + 𝐶6‖𝜽‖,

for any 𝑡 ∈ [0, 𝑇 ]. Hence,
‖𝐞𝐲‖2 ≤ 4

(

𝐶2
4‖𝝆‖

2 + 𝐶2
6‖𝜽‖

2 + ‖𝝋‖2 + 𝐶2
5‖𝝃‖

2) .

After integrating both sides from 0 to 𝑇 , using 𝐞𝑥 = 𝝆 + 𝜽 and the orthogonality of 𝝆 and 𝜽, we get

∫

𝑇

0
‖𝐞𝐲‖2 d𝑡 ≤ 4

(

max(𝐶2
4 , 𝐶

2
6 )∫

𝑇

0
‖𝐞𝑥‖2 d𝑡 + ∫

𝑇

0
‖𝝋‖2 d𝑡 + 𝐶2

5 ∫

𝑇

0
‖𝝃‖2 d𝑡

)

.

This proves the theorem. □

When hyper-reduction is not applied, the pH-OpInf-DEIM model coincides with the pH-OpInf-ROM, and we have the following 
result. 

Corollary 2.1.  Let 𝐱(𝑡) and 𝐲(𝑡) be the state and output of the FOM (1), respectively, on the time interval [0, 𝑇 ] and 𝐱𝑟(𝑡) and 𝐲𝑟(𝑡) be the 
reduced-order state and output, respectively, of the pH-OpInf-ROM defined in (10) over the same interval. Let 𝐃𝑟 = 𝐉𝑟 − 𝐑𝑟 in (10) and 
suppose that ∇𝐱𝐻(𝐱) and 𝐽ℎ(𝐱) are both Lipschitz continuous, then the ROM state approximation error satisfies 

∫

𝑇

0
‖𝐱 −Φ𝐱𝑟‖2 d𝑡 ≤ 𝐶(𝑇 )

(

∫

𝑇

0
‖𝐱 −ΦΦ⊺𝐱‖2 d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

+ ∫

𝑇

0
‖

.𝐱 −𝑡[𝐱]‖2 d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑑𝑎𝑡𝑎 𝑒𝑟𝑟𝑜𝑟

+ ∫

𝑇

0
‖Φ⊺𝑡[𝐱] − 𝐃𝑟Φ

⊺∇𝐱𝐻(𝐱) − 𝐁𝑟𝐮(𝑡)‖2 d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

)

,
(28)
𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

8 
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where the constant 𝐶(𝑇 ) = max{1 + 𝐶2
8𝑇𝛼(𝑇 ), 𝑇 𝛼(𝑇 )} with

𝐶7 = log−Lip[Φ𝐃𝑟Φ
⊺∇𝐱𝐻], 𝐶8 = ‖𝐃𝑟Φ

⊺
‖Lip[∇𝐱𝐻], and 𝛼(𝑇 ) = 3∫

𝑇

0
𝑒2𝐶7(𝑇−𝜏) d𝜏.

The corresponding output approximation error satisfies 

∫

𝑇

0
‖𝐲 − 𝐲𝑟‖2 d𝑡 ≤ 𝐶

(

∫

𝑇

0
‖𝐱 −Φ𝐱𝑟‖2 d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑠𝑡𝑎𝑡𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

+∫

𝑇

0
‖𝐲 − 𝐁⊺

𝑟Φ
⊺∇𝐱𝐻(𝐱)‖2 d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟

)

, (29)

where the constant 𝐶 = 2max{1, 𝐶2
9} with 𝐶9 = ‖𝐁⊺

𝑟Φ
⊺
‖Lip[∇𝐱𝐻] . 

Proof.  Following the same steps outlined in Theorem  1 but replacing inequalities (23), (24), and (25) with the inequality
⟨

𝜽,Φ𝐃𝑟Φ
⊺ (

∇𝐱𝐻(ΦΦ⊺𝐱) − ∇𝐱𝐻(Φ𝐱𝑟)
)⟩

≤ ‖𝜽‖Log−Lip[Φ𝐃𝑟Φ
⊺∇𝐱𝐻] ‖𝝆‖,

we obtain the state approximation error in (28). Then using the same argument as in Theorem  2 and changing Eq.  (27) to
𝐞𝐲 = 𝐲 − 𝐁⊺

𝑟∇𝐱𝑟𝐻𝑟(𝐱𝑟) = 𝐲 − 𝐁𝑟
⊺Φ⊺∇𝐱𝐻(𝐱) + 𝐁⊺

𝑟Φ
⊺∇𝐱𝐻(𝐱) − 𝐁⊺

𝑟Φ
⊺∇𝐱𝐻(Φ𝐱𝑟),

we obtain the inequality
‖𝐞𝐲‖ ≤ ‖𝝋‖ + ‖𝐁⊺

𝑟Φ
⊺
‖Lip[∇𝐱𝐻]‖𝐞𝐱‖,

and further the output approximation error in (29). This completes the proof. □

Remark 1.  The re-projection method has been introduced in [47] to reduce optimization errors for operator inference. When 
the FOM drift terms are polynomial and the time derivative data is discretized in the same manner as the FOM, the re-projection 
approach ensures that the inferred ROM recovers the intrusive Galerkin-projection ROM and the optimization error is zero. However, 
this does not hold for port-Hamiltonian systems. Suppose the re-projection method generates a sequence of approximate state vectors 
{𝐱̃0, 𝐱̃1,… , 𝐱̃𝑠}, in which ̃𝐱𝑛+1 is obtained from (1a) after approximating the time derivative by 𝑡 and taking ̃𝐱𝑛 as the initial data. 
Then it satisfies 

𝑡[Φ⊺ 𝐱̃𝑛] = Φ⊺𝐃∇𝐱𝐻(ΦΦ⊺ 𝐱̃𝑛) +Φ⊺𝐁𝐮𝑛. (30)

Define 𝐗̃ ∶= ΦΦ⊺
[

𝐱̃0, 𝐱̃1,… , 𝐱̃𝑠
]

∈ R𝑟×(𝑠+1). Assuming that 𝐁𝑟 = Φ⊺𝐁 has been obtained, we next find 𝐃𝑟 ∈ R𝑟×𝑟 by minimizing

1
2
‖

‖

‖

‖

Φ⊺ 𝑡

[

𝐗̃
]

− 𝐃𝑟Φ
⊺∇𝐱𝐻

(

𝐗̃
)

− 𝐁𝑟𝐔
‖

‖

‖

‖

2

𝐹
s.t. 1

2
(𝐃𝑟 + 𝐃⊺

𝑟 ) ≼ 𝟎.

Because of the relation in (30) and 𝑡[Φ⊺ 𝐗̃] = Φ⊺ 𝑡[𝐗̃], it is equivalent to minimize
1
2
‖

‖

‖

‖

Φ⊺𝐃∇𝐱𝐻
(

𝐗̃
)

− 𝐃𝑟Φ
⊺∇𝐱𝐻

(

𝐗̃
)

‖

‖

‖

‖

2

𝐹
s.t. 1

2
(𝐃𝑟 + 𝐃⊺

𝑟 ) ≼ 𝟎.

In general, the minimizer 𝐃𝑟 solved from the optimization cannot reduce the objective function to zero.

5. Numerical experiments

In this section, we provide two numerical experiments to demonstrate the effectiveness and qualitative features of the proposed 
method. In Section 5.1 we define the error metrics used to evaluate the quality and accuracy of the pH-OpInf-ROM and the 
pH-OpInf-DEIM model. A linear mass–spring-damper system [38,48] is studied in Section 5.2. As the system lacks a nonlinearity, 
the pH-OpInf-ROM will be applied and investigated. The nonlinear Toda lattice model [20], which describes a chain of particles 
with exponential interactions between neighboring particles, is tested in Section 5.3. Due to nonlinearities in this system, the 
pH-OpInf-DEIM model will be employed and tested.

5.1. Error measures

To test the ROMs’ accuracy, we compute the reduced-order approximation errors for both state variable 𝐱 and output 𝐲, as 
functions of the dimension 𝑟 of the ROMs: 

𝐱(𝑟) ∶=

√

√

√

√
𝑇
𝑁

𝑁
∑

𝑘=1

‖

‖

𝐱(𝑡𝑘) −Φ𝐱𝑟(𝑡𝑘)‖‖
2, (31)

𝐲(𝑟) ∶=

√

√

√

√
𝑇

𝑁
∑

‖

‖

𝐲(𝑡𝑘) − 𝐲𝑟(𝑡𝑘)‖‖
2, (32)
𝑁 𝑘=1

9 
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Fig. 1. The mass-spring-damper system.

where 𝐱(𝑡𝑘), 𝐲(𝑡𝑘) are full-order solutions and 𝐱𝑟(𝑡𝑘), 𝐲𝑟(𝑡𝑘) are reduced-order solutions, for 𝑘 = 1, 2,… , 𝑁 , and Φ is the POD basis 
matrix. To further illustrate the error analysis in (17) and (26), we evaluate the projection error, optimization error and hyper-reduction 
error as

proj𝐱 (𝑟) ∶=

√

√

√

√
𝑇
𝑁

𝑁
∑

𝑘=1

‖

‖

𝐱(𝑡𝑘) −ΦΦ⊺𝐱(𝑡𝑘)‖
‖

2, (33)

proj∇𝐻 (𝑟) ∶=

√

√

√

√
𝑇
𝑁

𝑁
∑

𝑘=1

‖

‖

∇𝐱𝐻(𝐱(𝑡𝑘)) −ΦΦ⊺∇𝐱𝐻(𝐱(𝑡𝑘))‖
‖

2, (34)

opt𝐱 (𝑟) ∶=

√

√

√

√
𝑇
𝑁

𝑁
∑

𝑘=1

‖

‖

Φ⊺𝑡[𝐱(𝑡𝑘)] − (𝐉𝑟 − 𝐑𝑟)Φ⊺∇𝐱𝐻(𝐱(𝑡𝑘)) − 𝐁𝑟𝐮(𝑡𝑘)‖‖
2, (35)

opt𝐲 (𝑟) ∶=

√

√

√

√
𝑇
𝑁

𝑁
∑

𝑘=1

‖

‖

𝐲(𝑡𝑘) − 𝐁⊺
𝑟Φ

⊺∇𝐱𝐻(𝐱(𝑡𝑘))‖
‖

2, (36)

DEIM(𝑟) ∶=

√

√

√

√
𝑇
𝑁

𝑁
∑

𝑘=1

‖

‖

(𝐈 − P)𝐽ℎ(ΦΦ⊺𝐱(𝑡𝑘))Φ‖

‖

2. (37)

In numerical tests, the FOM solutions are simulated in the time interval [0, 𝑇FOM], while [0, 𝑇ROM] in the ROM simulations. 
Furthermore, we utilize the optimization software MOSEK [49], under an academic license, to solve the optimization problems 
via the open-source CVXPY library [50,51].

5.2. Linear case: Mass-Spring-Damper system

In our first experiment, we consider the linear mass–spring-damper system, illustrated in Fig.  1, consisting of masses 𝑚𝑖, springs 
with constants 𝑘𝑖 and dampers with non-negative damping constants 𝑐𝑖 for 𝑖 = 1, 2,… , 𝑁0. The input 𝑢(𝑡) is the external force exerted 
on the first mass 𝑚1 and the output 𝑦(𝑡) is the velocity of the first mass. The state vector 𝐱 = [𝑞1, 𝑝1,… , 𝑞𝑁0

, 𝑝𝑁0
] ∈ R2𝑁0 , where 𝑞𝑖

and 𝑝𝑖 represent the displacement and momentum of the 𝑖th mass, respectively. The system is governed by (1) with Hamiltonian 
𝐻(𝐱) = 1

2 𝐱
⊺𝐐𝐱. For instance, when 𝑁0 = 3, we have

𝐉 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 1 0 0
0 0 −1 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐐 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑘1 0 𝑘1 0 0 0
0 1

𝑚1
0 0 0 0

−𝑘1 0 𝑘1 + 𝑘2 0 −𝑘2 0
0 0 0 1

𝑚2
0 0

0 0 −𝑘2 0 𝑘2 + 𝑘3 0
0 0 0 0 0 1

𝑚3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

𝐑 = diag(0, 𝑐1, 0, 𝑐2, 0, 𝑐3), and 𝐁⊺ =
[

0 1 0 0 0 0
]

.

Problem and computational setting. We set 𝐱0 = 𝟎, 𝑁0 = 100, 𝑚𝑖 = 4, 𝑘𝑖 = 4 and 𝑐𝑖 = 1 for 𝑖 = 1, 2,… , 100, and choose the input of 
the system to be 𝑢(𝑡) = exp(− 𝑡

2 ) sin(𝑡
2). For the full-order simulation, we set 𝑇FOM = 10 and use the implicit midpoint rule for time 

integration with a step size 𝛥𝑡 = 0.01.
After constructing the snapshot matrices 𝐗, 𝐘, and 𝐔, and generating the reduced basis matrix Φ ∈ R𝑛×𝑟, which consists of 

the 𝑟 leading left singular vectors of 𝐗, we apply pH-OpInf-W and pH-OpInf-R to infer 𝐉𝑟,𝐑𝑟 and 𝐁𝑟, as described in Section 3. 
Since selecting appropriate hyper-parameters, 𝜆𝑊  and 𝜆𝑅, is crucial for the optimization, we next investigate the effects of these 
optimization parameters.

Test 1. Effects of optimization parameters
First, we study the influence of the weight parameter 𝜆𝑊  in the optimization problem (13) on the quality of the pH-OpInf-W. 

Note that, in (13), 𝜆  serves as a balancing factor between the two error components,   and  , in the minimization process. 
𝑊 opt𝐱 opt𝐲

10 



Y. Geng et al. Computer Methods in Applied Mechanics and Engineering 442 (2025) 118042 
Fig. 2. Mass-spring-damper system: Optimization errors by pH-OpInf-W of 𝑟 dimensions using different values of 𝜆𝑊 : opt𝐱  (left) and opt𝐲  (right).

Fig. 3. Mass-spring-damper system: Optimization errors by pH-OpInf-R of 𝑟 dimensions using different values of 𝜆𝑅: opt𝐱  (left) and opt𝐲  (right).

Table 1
Mass-spring-damper system: Minimum eigenvalues of 𝐑𝑟 obtained by pH-OpInf-W and pH-OpInf-R for different values of 𝑟.
 r = 5 r = 10 r = 15 r = 20  
 pH-OpInf-W 1.460 × 10−5 7.864 × 10−7 7.729 × 10−5 9.396 × 10−5 
 pH-OpInf-R 5.486 × 10−8 2.807 × 10−6 3.567 × 10−5 4.682 × 10−5 

We vary the reduced dimension 𝑟 from 5, 10, 15 to 20 and test eight values for 𝜆𝑊  from the set {100, 101,… , 107}, for each value 
of 𝑟. Fig.  2 shows the corresponding optimization errors. As 𝜆𝑊  increases up to 105, the optimization error opt𝐱  remains nearly 
unchanged for all 𝑟, while opt𝐲  decreases. Beyond this point, opt𝐲  either decays or levels off, while opt𝐱  remains nearly unchanged 
for 𝑟 = 5, 10, 15, but increases for 𝑟 = 20. Therefore, 𝜆𝑊 = 105 is selected in the rest of the experiments.

Next, we test the influence of the regularization parameter 𝜆𝑅 on the optimization problem and the resulting effects on the 
pH-OpInf-R ROM. When 𝜆𝑅 = 0, we find that the solution 𝐁𝑟 from Eq.  (14) using least squares is poorly conditioned, leading to 
unstable ROM simulations. Taking 𝑟 = 5, 10, 15 and 20 and selecting eight values of 𝜆𝑅 from the set {10−14, 10−13,… , 10−7}, we solve 
(14) and (15), respectively. The optimization errors opt𝐱  and opt𝐲  are shown in Fig.  3. For 𝑟 = 5 and 10, the optimization errors are 
relatively steady as 𝜆𝑅 varies. However, for larger values of 𝑟 = 15 and 20, as 𝜆𝑅 increases, both opt𝐱  and opt𝐲  initially decrease 
(with opt𝐱  remaining unchanged for 𝑟 = 15), but after 𝜆𝑅 = 10−11, both begin to increase. Therefore, in subsequent experiments, 
we select 𝜆𝑅 = 10−11 in pH-OpInf-R.

For pH-OpInf-W with 𝜆𝑊 = 105 and pH-OpInf-R with 𝜆𝑅 = 10−11, the minimum eigenvalues of the obtained 𝐑𝑟 are listed in Table 
1 for 𝑟 = 5, 10, 15 and 20, which demonstrates the positive semi-definiteness of the obtained 𝐑 .
𝑟
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Fig. 4. Mass-spring-damper system: Numerical errors of pH-OpInf-W (left) and pH-OpInf-R (right) of 𝑟 dimensions when 𝑇FOM = 𝑇ROM = 10.

Test 2. Illustration of the error estimates
Based on Corollary  2.1, for this linear system, the state error is bounded by the sum of projection error, data error, and 

optimization error; and the output error is bounded by the state approximation error and the corresponding optimization error. 
Next, we illustrate the error estimates for the pH-OpInf-ROM (10), generated using the inferred reduced operators from either 
pH-OpInf-W or pH-OpInf-R, and compare the approximation errors with those of the intrusive SP-G-ROM of the same dimensions. 
To this end, we choose 𝛥𝑡 = 10−3 such that the data error is negligible relative to other sources of error.

Setting 𝑇FOM = 𝑇ROM = 10 and gradually increasing the ROM dimension 𝑟 by 5, from 5 to 50, we simulate the pH-OpInf-ROMs. In 
this case, the singular values of the snapshot matrix 𝐗 decay quickly: the first 5 POD modes capture 95.24% of the snapshot energy, 
while the first 10 modes capture 99.99%. The associated numerical errors defined in (31)–(36) are plotted in Fig.  4: the left column 
corresponds to pH-OpInf-W, and the right column corresponds to pH-OpInf-R. Note that the magnitude of the state vectors in the 
12 
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Fig. 5. Mass-spring-damper system: Hamiltonian approximation (top row) and system output (bottom row) from pH-OpInf-W (left) and pH-OpInf-R (right) of 𝑟
dimensions, along with those of the FOM. All subplots share the same legend shown in the first one.

full-order simulation is 0.661, while that of the output is 0.083.  From the top row, we observe that in both cases, the projection 
error proj𝐱  continues to decay as 𝑟 increases, eventually reaching the machine precision beyond 𝑟 = 25. Meanwhile, the optimization 
error opt𝐱  decreases to around 10−5 as 𝑟 increases to 20 and remains nearly steady. Consequently, the state approximation error 𝐱 is 
dominated by opt𝐱  and exhibits similar behavior. From the middle row, we find that the optimization error opt𝐲  from pH-OpInf-R is 
smaller than that from pH-OpInf-W when 𝑟 > 5, but in both cases, opt𝐲  is much smaller than the state approximation error 𝐱. Thus, 
the output approximation error 𝐲 is dominated by 𝐱 and displays similar behavior. In the bottom row, 𝐲 from the pH-OpInf-ROMs 
is compared with that of the SP-G-ROM. The pH-OpInf-ROM, based on either pH-OpInf-W or pH-OpInf-R, attains better results when 
𝑟 < 25. Beyond that, SP-G-ROM achieves better approximations. Therefore, in case when the computation budget is a concern, a ROM 
with a lower dimension is preferable, and the pH-OpInf-ROM is the better choice. Furthermore, the time evolution of the output 
and approximate Hamiltonian from the pH-OpInf-ROMs is shown in Fig.  5. We observe that the reduced-order approximations of 
both the output and the Hamiltonian, using either pH-OpInf-W or pH-OpInf-R, closely match those from the FOM simulation when 
𝑟 ≥ 10.

Overall, the pH-OpInf-ROM constructed using reduced operators from either optimization problem provides good approxima-
tions. However, compared to pH-OpInf-W, the pH-OpInf-R achieves a smaller optimization error for the output. Therefore, we use 
pH-OpInf-R in the next experiment.

Test 3. Performance at a different input
We test the pH-OpInf-ROM using an input different from the one used to generate the training snapshots. To infer the reduced 

operator, we use the data associated with the training input 𝑢(𝑡) = exp(− 𝑡
2 ) sin(𝑡

2) as shown in Fig.  6 (left), which has increasing 
frequency to excite the model. After building the ROM with 𝑟 = 20 dimensions, we test it using a different input 𝑢, shown in Fig. 
6 (right). The sawtooth signal is a challenging test case, as it is discontinuous. The corresponding output and Hamiltonian function 
from the FOM and ROM simulations are shown in Fig.  7. The results indicate that the pH-OpInf-ROM performs well, as both the 
reduced-order output and the Hamiltonian function closely match the FOM results.
13 
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Fig. 6. Mass-spring-damper system: Training input (left) and testing input (right) for Test 3.

Fig. 7. Mass-spring-damper system: Simulation results of pH-OpInf-ROM for 𝑟 = 20 and the FOM: system output (left) and Hamiltonian approximation (right) 
for Test 3.

5.3. Nonlinear case: Toda lattice model

We consider the nonlinear Toda lattice model, which describes the motion of a chain of particles, each one connects to its nearest 
neighbors with ‘exponential springs’. The equations of motion for the 𝑁0-particle Toda lattice with such exponential interactions 
can be written in the form of a nonlinear pH system as in (1) with

𝐉 =
[

𝟎 𝐈
−𝐈 𝟎

]

𝑛×𝑛
, 𝐑 =

[

𝟎 𝟎
𝟎 diag(𝛾1,… , 𝛾𝑁0

)

]

𝑛×𝑛
, and 𝐁 =

[

𝟎
𝐞𝟏

]

𝑛×1
,

where 𝐞1 = [1, 0,… , 0]⊺𝑁0
, 𝑛 = 2𝑁0, 𝛾𝑗 represents damping coefficients associated with the 𝑗th particle in the system and

𝐱 =
[

𝐪
𝐩

]

𝑛×1
, 𝐪 =

[

𝑞1,… , 𝑞𝑁0

]⊺
, and 𝐩 =

[

𝑝1,… , 𝑝𝑁0

]⊺
,

with 𝑞𝑗 and 𝑝𝑗 , for 𝑗 = 1,… , 𝑁0, being the displacement of the 𝑗th particle from its equilibrium position and the momentum, 
respectively. The associated Hamiltonian function is nonlinear, given by 

𝐻(𝐱) =
𝑁0
∑

𝑘=1

1
2
𝑝2𝑘 +

𝑁0−1
∑

𝑘=1
exp(𝑞𝑘 − 𝑞𝑘+1) + exp(𝑞𝑁0

) − 𝑞1 −𝑁0. (38)

Problem and computational setting. We set 𝐱0 = 𝟎, 𝑁0 = 1000, and 𝛾𝑗 = 0.1 for 𝑗 = 1,… , 𝑁0. The system is excited by the input 
𝑢(𝑡) = 0.1 sin(𝑡). In the full-order simulation with the final time 𝑇FOM = 50, we use the implicit midpoint rule with the time step 
size 𝛥𝑡 = 0.01 for time integration. The reduced operators 𝐉𝑟,𝐑𝑟 and 𝐁𝑟 are then inferred as described in Section 3 through either 
pH-OpInf-W or pH-OpInf-R. Next, we investigate the effects of the optimization parameters 𝜆𝑊  and 𝜆𝑅 in the optimization problems.

Test 1. Effects of optimization parameters
We analyze the effect of the weight parameter 𝜆𝑊  in the optimization problem (13) on the quality of the pH-OpInf-W ROM, 

by taking reduced dimensions 𝑟 = 20, 40, 60 and 80 and testing eight values of 𝜆𝑊  from the set {100, 101,… , 107}. Fig.  8 illustrates 
the optimization errors   (left) and   (right) for varying 𝜆  and 𝑟. When 𝑟 is small, variations in 𝜆  have a minimal impact 
opt𝐱 opt𝐲 𝑊 𝑊
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Fig. 8. Toda lattice model: Optimization errors by pH-OpInf-W of 𝑟 dimensions: opt𝐱  (left) and opt𝐲  (right).

Fig. 9. Toda lattice model: Optimization errors by pH-OpInf-R of 𝑟 dimensions: opt𝐱  (left) and opt𝐲  (right).

Table 2
Toda lattice model: Minimum eigenvalues of 𝐑𝑟 obtained by pH-OpInf-W and pH-OpInf-R for different values of 𝑟.
 r = 20 r = 40 r = 60 r = 80  
 pH-OpInf-W 1.962 × 10−7 3.857 × 10−6 4.103 × 10−4 4.074 × 10−4 
 pH-OpInf-R 2.250 × 10−10 2.924 × 10−6 1.637 × 10−4 1.168 × 10−4 

on the optimization. However, for larger dimensions (𝑟 = 60 and 80), increasing 𝜆𝑊  reduces opt𝐲  while increasing opt𝐱  in the 
optimization problem (13). To balance these terms, we set 𝜆𝑊 = 103 for the remainder of the experiments.

Next, we examine the effect of the regularization parameter 𝜆𝑅 in the optimization problem (14)–(15), pH-OpInf-R. To this end, 
we pick eight values of 𝜆𝑅 from the set {10−14, 10−13,… , 10−7} for each value of 𝑟 from {20, 40, 60, 80}. Fig.  9 shows the corresponding 
optimization errors opt𝐱  and opt𝐲 . For 𝑟 = 20 and 40, the errors remain relatively steady as 𝜆𝑅 varies. However, for the larger 
dimensions (𝑟 = 60 and 80), both optimization errors initially decrease and then increase after 𝜆𝑅 = 10−11, consistent with the 
behavior observed in the linear case. Based on these observations, we set 𝜆𝑅 = 10−11 in the subsequent experiments.

With 𝜆𝑊 = 103 in pH-OpInf-W and 𝜆𝑅 = 10−11 in pH-OpInf-R, the minimum eigenvalues of the obtained 𝐑𝑟 are list in Table  2 
for 𝑟 = 20, 40, 60 and 80, confirming the positive semi-definiteness of the inferred 𝐑𝑟 in both approaches.

Test 2. Illustration of the error estimates
For this nonlinear pH system, we first consider pH-OpInf-ROM without using the hyper-reduction. To illustrate the error 

estimation given in Corollary  2.1, we choose a small time step size 𝛥𝑡 = 0.0025 in both FOM and ROM simulations, set 𝑇FOM = 𝑇ROM =
50 and vary the dimension 𝑟 of the pH-OpInf-ROM from 10 to 100, increasing incrementally by 10. In this case, the singular values 
of the snapshot matrix 𝐗 decay more slowly than those in the mass–spring-damper case: the first 10 POD modes capture 97.97% 
of snapshot energy, the first 20 capture 99.8%, and the first 30 already capture 99.99%. The associated numerical errors defined 
in (31)–(36) are plotted in Fig.  10: the left column corresponds to pH-OpInf-W, and the right column corresponds to pH-OpInf-R. 
15 
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Fig. 10. Toda lattice model: Numerical errors of pH-OpInf-W (left) and pH-OpInf-R (right) of 𝑟 dimensions when 𝑇FOM = 𝑇ROM = 50.

Note that the magnitude of the state vectors in the full-order simulation is 2.225, while that of the output is 0.483.  The top row 
displays 𝐱, proj𝐱  and opt𝐱 . For both pH-OpInf-W and pH-OpInf-R, opt𝐱  decreases as the dimension 𝑟 increases up to 𝑟 = 60, beyond 
which it saturates. However, proj𝐱  continues to decline until 𝑟 = 90, for which it reaches machine precision. As a result, the state 
approximation error 𝐱 is dominated by opt𝐱  and follows a similar trend. The output approximation error 𝐲 is shown alongside 
opt𝐲  and 𝐱 in the middle row, from which we observe that the optimization error opt𝐲  from pH-OpInf-R is smaller than that from 
pH-OpInf-W when 𝑟 is bigger than 40. In both cases, opt𝐲  is smaller than 𝐱, thus the output approximation error 𝐲 is primarily 
influenced by 𝐱 and follows a similar pattern. The bottom row in Fig.  10 compares the approximation errors of pH-OpInf-ROM 
with the intrusive SP-G-ROM. The results show that the pH-OpInf-ROM, based on either pH-OpInf-W or pH-OpInf-R, achieves better 
approximations than the intrusive SP-G-ROM for dimensions up to a fairly large dimension 𝑟 = 80.
16 
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Fig. 11. Toda lattice model: Hamiltonian approximation (top row) and system output (bottom row) from pH-OpInf-W (left) and pH-OpInf-R (right) of 𝑟 dimensions, 
along with those of the FOM. All subplots share the same legend shown in the first one.

The time evolution of the output and approximate Hamiltonian from the pH-OpInf-ROMs is presented in Fig.  11 when 𝑟 = 20, 40
and 60, respectively. We observe that the reduced-order approximations, using either pH-OpInf-W or pH-OpInf-R, get more accurate 
as 𝑟 increases, and when 𝑟 = 40, they closely align with those from the FOM simulation. Similar to the linear case in Section 5.2, 
although both achieve good approximations, the pH-OpInf-R attains a smaller optimization error opt𝐲 . Therefore, we use pH-OpInf-R 
in the subsequent experiments.

Test 3. Performance of hyper-reduction
Next, we apply hyper-reduction and test the performance of pH-OpInf-DEIM. The nonlinear Hamiltonian function in (38) is recast 

to

𝐻(𝐱) = 1
2
𝐱⊺𝐐𝐱 + 𝐜⊺ℎ(𝐱), where 𝐐 =

[

𝟎 𝟎
𝟎 𝐈𝑁0

]

𝑛×𝑛

and 𝐜 = [1, 1,… , 1]⊺ ∈ R𝑁0  with ℎ1 = exp(𝑞1 − 𝑞2) − 𝑞1 − 𝑁0, and ℎ𝑖 = exp(𝑞𝑖 − 𝑞𝑖+1) for 𝑖 = 2, 3,… , 𝑁0 − 1 and ℎ𝑁0
= exp(𝑞𝑁0

). 
Choosing 𝑟 = 20 and 60, respectively, we simulate the pH-OpInf-DEIM using 𝑚 interpolation points in DEIM and compare it with the 
pH-OpInf-ROM of the same dimensions. The numerical errors in state and output approximations are listed in Table  3, together with 
the DEIM interpolation error DEIM. Overall, DEIM decreases quickly as 𝑚 increases. For both 𝑟 = 20 and 60, its precision reaches 
10−11 or higher when 𝑚 = 60, and the pH-OpInf-DEIM results coincide with those of pH-OpInf-ROM. This observation matches 
our theoretical results, as stated in Theorems  1 and 2, because, comparing with pH-OpInf-ROM, the error bound of pH-OpInf-DEIM 
involves the additional term DEIM. When DEIM is sufficiently small, errors from both ROMs should become identical.

Test 4. Performance at a different input
We test pH-OpInf-ROM and pH-OpInf-DEIM using an input that differs from the training input. Particularly, to infer the reduced 

operators, we use the training input 𝑢(𝑡) = 0.1 sin(𝑡), as shown in Fig.  12 (left), and simulate the reduced-order systems with 
a testing input, as shown in Fig.  12 (right). The sawtooth signal is discontinuous, which makes the test challenging. Fig.  13 
17 
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Table 3
Toda lattice model: Errors of pH-OpInf-ROM with dimension 𝑟 and pH-OpInf-DEIM with the same dimension 
using 𝑚 DEIM interpolation points.
 pH-OpInf-ROM with 𝑟 = 20 pH-OpInf-DEIM with 𝑟 = 20

 𝑚 = 30 𝑚 = 40 𝑚 = 50 𝑚 = 60  
 𝐱 6.042 × 10−1 6.494 × 10−1 5.958 × 10−1 6.042 × 10−1 6.042 × 10−1 
 𝐲 4.032 × 10−2 4.400 × 10−2 4.030 × 10−2 4.032 × 10−2 4.032 × 10−2 
 DEIM – 3.985 × 10−2 7.552 × 10−4 4.095 × 10−8 4.585 × 10−15

 pH-OpInf-ROM with 𝑟 = 60 pH-OpInf-DEIM with 𝑟 = 60

 𝑚 = 50 𝑚 = 55 𝑚 = 60 𝑚 = 65  
 𝐱 1.719 × 10−4 1.745 × 10−4 1.719 × 10−4 1.719 × 10−4 1.719 × 10−4  
 𝐲 7.748 × 10−6 7.781 × 10−6 7.748 × 10−6 7.748 × 10−6 7.748 × 10−6  
 DEIM – 1.184 × 10−5 4.384 × 10−9 3.478 × 10−11 1.737 × 10−13 

Fig. 12. Toda lattice model: Training input (left) and testing input (right) for Test 4.

Fig. 13. Toda lattice model: Simulation results of pH-OpInf-ROM for 𝑟 = 60, pH-OpInf-DEIM for 𝑟 = 60 and 𝑚 = 60, and the FOM: system output (left) and 
Hamiltonian approximation (right) for Test 4.

compares the system output and the Hamiltonian function obtained by simulating the pH-OpInf-ROM with dimension 𝑟 = 60 and 
the pH-OpInf-DEIM with the same dimension and 𝑚 = 60, along with the FOM results. Both pH-OpInf-ROM and pH-OpInf-DEIM are 
able to accurately capture the system output in response to the testing input and effectively approximate the Hamiltonian function 
during the simulation.

6. Conclusions

In this work, we have extended the operator inference framework to learn structure-preserving reduced-order models for port-
Hamiltonian systems. By leveraging data of the system’s state, input, and output, as well as the Hamiltonian function, we formulate 
two optimization problems and corresponding ROMs, pH-OpInf-W and pH-OpInf-R, for inferring reduced-order operators that retain 
the physical properties and geometric structure of the original system. The former finds reduced operators, 𝐁𝑟 and 𝐃𝑟 (hence 𝐉𝑟
and 𝐑𝑟), simultaneously by solving a semi-definite optimization, while the latter decouples the optimization into two steps: the 
first step determines the reduced operator 𝐁𝑟 using regularized least squares, and the second step identifies the other reduced 
operator 𝐃  through a semi-definite optimization. Based on the reduced-order operators, the low-dimensional pH-OpInf-ROM can 
𝑟
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be constructed. To further address the challenges of evaluating nonlinear terms in the ROM, we use a DEIM-based hyper-reduction 
method, which leads to the pH-OpInf-DEIM model. We analyze the corresponding approximation errors in the system’s state and 
output and numerically verify them through experiments on a linear mass–spring-damper system and a nonlinear Toda lattice model.

The numerical results show that both pH-OpInf-W and pH-OpInf-R with carefully chosen optimization parameters find reduced-
order operators that preserve the appropriate structures. Generally, the overall performance of these two approaches is comparable, 
since the pH-OpInf-ROM constructed using either approach yields accurate outputs in response to inputs. However, pH-OpInf-R 
achieves a smaller optimization error for the output, opt𝐲 , than pH-OpInf-W, which makes it the preferred choice. Furthermore, for 
nonlinear pH systems, the pH-OpInf-DEIM model using sufficient DEIM interpolation points is able to achieve the same performance 
at a reduced computational cost. We note that alternative hyper-reduction approaches, such as ECSW [52], may also be applied to 
inferred ROMs when they are nonlinear. We will investigate their performance in future work.
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